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Uncertain differential equation: A new mathematical tool

to describe uncertain dynamic system
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Abstract: Uncertain differential equation driven by uncertain process is a new mathematical tool to describe

the uncertain dynamic system. In this paper, the development of uncertain differential equation is surveyed

systematically. Firstly, some types of uncertain differential equations which can be solved by analytic method

are listed. For the uncertain differential equation which is difficult to obtain the analytic solution, a numerical

method is introduced to obtain the approximate solution. Afterward some existence and uniqueness theorems

and a stability theorem are summarized in order to describe uncertain dynamic system better. Finally, the ap-

plications of uncertain differential equation in the economic system, financial system and so on are introduced.
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�©�§�NõÆöïÄ[12−17] .duÄ��
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¯K±9�A��©�§¦)�¯KÑ�©(J. 2008cLiu[18]3�&5nØ�µeeJÑ��
�È©

�Ñ
ù�":.��,ÄuT�
�È©��
�©�§�ïá¿A^�7KXÚ[19−21] .

,,�þN�L²,XÚ¥�Ø(½Ï�k�¥yÑ5�Q��Å5���
5,=§�ØU^VÇ

ÿÝ!NÝ!�
ÿÝ!�U5ÿÝ�5Ýþ.�
£ãùaØ(½y�, Liu[22] Má
Äu5�5!éó

5!g�\5Ú¦Èún�Ø(½nØ.��?nÌ*�ä½;[êâ�Ø°(&E�#óä,Ø(½nØ

®Úå
�5�õÆö�'5,¿3nØÚA^�¡��
�Ð�uÐ[23−28] .

�
£ã��mCz�Ø(½y�, Liu[29]Äk�Ñ
�a��Ø(½L§=;�L§.Ó�½Â


'u;�L§�Ø(½È©.k��
âu�¯�,�Ô�,²L�Å��U��Ø(½L§Ñyâ,�U

C,�)�a�Ø(½L§.�
ïÄùa�a�Ø(½y�,Ø(½�#L§A$). Yao[30]½Â
�a

ÄuØ(½�#L§�Ø(½È©.d	, Chen[31] 3c¡ü�L§�Ä:þïÄ
��;��k.C�¼

ê�Ø(½k.C�L§,ïá
Äuk.C�L§�Ø(½©Û.

Ø(½�©�§´?nØ(½�¸eÄ�XÚ����óä,´dØ(½L§°Ä��a�©�

§,Ù)�´Ø(½L§. 2008cLiu�Ñ
�ad;�L§°Ä�Ø(½�©�§.�
éÐ/
)da

Ø(½�©�§�5�,éõÆöé§?1
ïÄ. Chen�[32]�Ñ
�a)��3��5½n, Liu� [33]é

�aXê¼ê�oÊF[�Ø(½�©�§�Ñ
��)��3��5½n.�
¦Ø(½�©�§U3

y¢¥�Ð�A^, Liu[29]JÑ
½5�Vg.3¦)Ø(½�©�§�¡,�k¦�)Û)�´�5Ø(

½�©�§, Liu[34]�Ñ
Aa�¦)Û)���5Ø(½�©�§, Yao�[35]Jø
�«¦)ê�)��

{.�uØ(½�¸eÄ�XÚäkõ�5�A:, Yao[30]½Â
Ø(½�#L§°Ä�Ø(½�©�§^

5£ã�a�Ä�XÚ, Chen[31]�Ñk.C�L§°Ä�Ø(½�©�§¿?Ø
ÙÃõ5�.

�©Ì�éØ(½�©�§�ïÄyG?1o(,0�
Aa��Ø(½�©�§,V)
Ø(½�

©�§3)�¦{!)��35!��5Ú½5�¡�ó�,¿o(
Ù3²L!7K��¡�A^.

2 ÄÄÄ:::���£££

Ø(½nØ�Ø%�Vg´Ø(½ÿÝ!Ø(½Cþ!Ø(½©ÙÚÏ"�.Ø(½nØ�´3ù
Ø

%Vg�Ä:þuÐ¤�
ïÄØ(½5y��êÆ©|.e¡0��Ø(½�©�§k'��£.

½Â 1 �T L«�m, (Γ,L,M)´��Ø(½�m,��Ø(½L§´l T × (Γ,L,M)�¢ê8þ

��ÿ¼ê,=é?¿ t ∈ T ÚBorel8ÜBk

{Xt ∈ B} = {γ ∈ Γ | Xt(γ) ∈ B} (1)

´��¯�.

½Â 2 [29] ��Ø(½L§Ct¡�;�L§
1,XJ§÷v

1) C0 = 0,A�¤k��;�´ LipschitzëY�;

2) Ctäk�Õá�Oþ;

3)éu�m t,OþCs+t − Cs´��äkÏ" 0Ú�� t2���Ø(½Cþ,ÙØ(½©Ù�

Φ(x) =

(

1 + exp

(−πx√
3t

))−1

, x ∈ R. (2)

1;�L§Ú�BL§Ñ´£ã��mCzy��óä. §��ØÓ3u;�L§´��Ø(½L§�A�¤k���;�

´LipschitzëY�,�BL§´���ÅL§,�A�¤k���;�´ëY�.
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½Â 3 [29] b�Xt ´��Ø(½L§, Ct´��;�L§, a = t1 < t2 < · · · < tk+1 = b´ [a, b]�?

¿��©�.�∆ = max
16i6k

| ti+1 − ti |,e4�

lim
∆→0

k
∑

i=1

Xti
(Cti+1

− Cti
) (3)

A�??�3�k�,K¡T4�´Ø(½L§Xt'uCt�È©,P�
r b

a
XtdCt,d�¡Ø(½L§Xt

'uCt´�È�.

b�h(t, c)´��ëY�����¼ê,KXt = h(t, Ct)´��Ø(½L§. Liu[29]y²
e¡�

ª(4).

dXt =
∂h

∂t
(t, Ct)dt +

∂h

∂c
(t, Ct)dCt, (4)

l��
óª{K!��È©Ú©ÜÈ©úª.

3 ØØØ(((½½½���©©©���§§§

Ø(½�©�§´dØ(½L§°Ä��©�§,´£ãØ(½XÚ�#óä.�Å�©�§´d�Å

L§°Ä��©�§.Ø(½�©�§Ú�Å�©�§þá�©�§�Æ,Ñ´£ã��mCz�Ä�XÚ

�óä.XÚ3��mCz¥,¬É��
��Ï��K�,er��Ï�w¤´�Å�,K�ÀJ^�Å�

©�§5?ndaÄ�XÚ,ew¤´Ø(½�,K�ÀJØ(½�©�§.

½Â 4 �Ct´��;�L§, f ,g´ü��½�¼ê, Xt´�����Ø(½L§,K¡

dXt = f(t, Xt)dt + g(t, Xt)dCt (5)

�Ø(½�©�§,§�)´÷vª(5)�Ø(½L§.

~ 1 � a,b´ü�¢ê,KdXt = adt + bdCt´��Ø(½�©�§,)�Xt = X0 + at + bCt.

~ 2 �µt,νtü��È�Ø(½L§,Ø(½�©�§

dXt = µtXtdt + νtXtdCt (6)

¡�àg�§,)�

Xt = X0 exp

(w t

0
µsds +

w t

0
νsdCs

)

. (7)

3.1 ))) {{{

�½��Ø(½�©�§,¦Ñ§�)´����¯K,e¡´�¦�)Û)�Ø(½�©�§.

dXt = (µ1tXt + µ2t)dt + (ν1tXt + ν2t)dCt, (8)

dXt = f(t, Xt)dt + σtXtdCt, (9)

dXt = αtXtdt + g(t, Xt)dCt, (10)

dXt = f(t, Xt)dt + σtdCt, (11)

dXt = αtdt + g(t, Xt)dCt, (12)

Ù¥µ1t, µ2t, ν1t, ν2t´�È�Ø(½L§, fÚ g´��¼ê, σtÚαt´�È�Ø(½L§.

3éõ�¹e,¦Ø(½�©�§�)Û)´��é(J�¯,�dYao�[35]�O
��¦Ø(½�
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©�§ê�)��{,T�{Ú\
α–;��Vg,r¦Ø(½�©�§¯K=z�¦²;�©�§�¯

K.e¡0�ù«ê��{.

½Â 5 �α ∈ (0, 1)´��¢ê,¡Ø(½�©�§

dXt = f(t, Xt)dt + g(t, Xt)dCt (13)

k��α;�Xα
t ,XJXα

t ´���©�§

dXα
t = f(t, Xα

t )dt+ | g(t, Xα
t ) | Φ−1(α)dt (14)

�),Ù¥Φ−1(α)´IO��Ø(½Cþ�_©Ù¼ê,=

Φ−1(α) =

√
3

π
ln

α

1 − α
, 0 < α < 1. (15)

½n 1 [35] �XtÚXα
t ©O´Ø(½�©�§

dXt = f(t, Xt)dt + g(t, Xt)dCt (16)

�)Úα–;�,é?¿� t > 0,kM{Xt 6 Xα
s } = α, =XtkXe_Ø(½©Ù

Ψ−1
t (α) = Xα

t , 0 < α < 1. (17)

Äuþ¡α–;��VgÚ½n 1,e¡�Ñ¦)Ø(½�©�§ê�)�Ú½.

Ú½ 1 À�α ∈ (0, 1);

Ú½ 2 )ÊÏ�©�§

dXα
t = f(t, Xα

t )dt+ | g(t, Xα
t ) | Φ−1(α)dt, (18)

��Xα
t .)Û)Ø´¦��^Xe4í{

Xα
i+1 = Xα

i + f(ti, Xα
i )h+ | g(ti, Xα

i ) | Φ−1(α)h, (19)

Ù¥h´Ú�;

Ú½ 3 ��)Xt�_Ø(½©Ù Ψ−1
t (α) = Xα

t , 0 < α < 1.

±þ0��´'uØ(½�©�§9Ù¦){,e¡?Øk')��35!��5Ú½5¯K.

3.2 ���333������555ÚÚÚ½½½555½½½nnn

½n 2 [33] �f ,g´��¼ê,XJXêf , g÷vLipschitz^�Ú�5O^�,=�3¢~ê L¦�

| f(t, x) − f(t, y) | + | g(t, x) − g(t, y) |6 L | x − y |,∀x, y ∈ R, t > 0 (20)

| f(t, x) | + | g(t, x) |6 L(1+ | x |),∀x ∈ R, t > 0, (21)

KØ(½�©�§ dXt = f(t, Xt)dt + g(t,Xt)dCtk���),¿�)´;�ëY�.

½n 3 [33] XJXê f ,g÷v | f(x) − f(y) | + | g(x) − g(y) |6 L | x − y | r(| x − y |2), |
x − y |< 1,¼ê r : (0, 1) → [1,+∞)ëY�é a ∈ (0, 1),÷v

r a

0
(sr(s))−1ds = +∞,KØ(½�©�

§dXt = f(Xt)dt + g(Xt)dCtk���).

½Â 6 [29] é?¿ ε > 0, t > 0,XJ?¿)XtÚYt÷v lim
|X0−Y0|→0

M{| Xt − Yt |> ε} = 0, K¡Ø(

½�©�§�½�.

½n 4 [36] �µt,νt´ëY¼ê÷v sup
t>0

r t

0
µsds < +∞,

r +∞

0
| νt | dt < +∞,KØ(½�©�

§dXt = µtXtdt + νtXtdCt´½�.
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4 ÙÙÙ§§§ØØØ(((½½½���©©©���§§§

Ø(½�©�§´£ãØ(½�¸eÄ�XÚ�óä,duØ(½�¸eÄ�XÚäkE,5Úõ�

5�A:,ÏdI�ØÓ�Ø(½�©�§5�x.�!0�üaØ(½�©�§,�a´d�#L§°Ä

�Ø(½�©�§=�aØ(½�©�§,,�a´k.C�L§°Ä�Ø(½�©�§.

4.1 ���aaaØØØ(((½½½���©©©���§§§

½Â 7 [18] � ξ1, ξ2, . . .´��Ó©Ù��Ø(½Cþ.-S0 = 0,Sn = ξ1 + ξ2 + · · · + ξn,Ø(½L§

Nt = max
n>0

{n | Sn 6 t} (22)

¡��#L§.

Ø(½�#L§���;�Ø´ëY�,´üOmëY�����K�ê��F¼ê.

½Â 8 [30] b�Xt´��Ø(½L§, Nt´��Ø(½�#L§, a = t1 < t2 < · · · < tk+1 =

b´ [a, b]�?¿��©�.�∆ = max
16i6k

| ti+1 − ti |,e4�

lim
∆→0

k
∑

i=1

Xti
(Nti+1

− Nti
) (23)

A�??�3�k�,K¡T4�´Ø(½L§Xt'uNt�È©,P�
r b

a
XtdNt,d�¡Ø(½L

§Xt'uNt´�È�.

½Â 9 [30] �Ct´��;�L§, Nt´��Ø(½�#L§, f ,g,h´�½�¼ê, Xt´�����

Ø(½L§,K¡

dXt = f(t, Xt)dt + g(t, Xt)dCt + h(t, Xt)dNt (24)

��a�Ø(½�©�§,§�)´÷vª(24)�Ø(½L§.

~ 3 � a, b, c´n�¢ê,KdXt = adt + bdCt + cdNt´���aØ(½�©�§,Ù)�Xt =

X0 + at + bCt + cNt.

4.2 kkk...CCC���ØØØ(((½½½���©©©���§§§

k.C�Ø(½�©�§dk.C�L§°Ä,k.C�L§���;�´k.C�¼ê.Ï�;�L

§���;�´oÊF[ëY¼êl´k.C�¼ê,�k.C�Ø(½�©�§�w¤Ø(½�©�

§�í2.

½Â 10 [31] ��Ø(½L§At¡�k.C�L§,XJ§�±L«¤ü��KOL§ UtÚVt��

At = Ut − Vt. (25)

½Â 11 [31] b�Xt´��Ø(½L§, At´��Ø(½k.C�L§, a = t1 < t2 < · · · < tk+1 =

b´ [a, b]�?¿��©�.�∆ = max
16i6k

| ti+1 − ti |,e4�

lim
∆→0

k
∑

i=1

Xti
(Ati+1

− Ati
) (26)

A�??�3�k�,K¡T4�´Ø(½L§Xt'uAt�È©,P�
r b

a
XtdAt,d�¡Ø(½L

§Xt'uAt´�È�.

½Â 12 [31] �At´��k.C�L§, f, g´�½�¼ê, Xt´�����Ø(½L§,K¡

dXt = f(t, Xt)dt + g(t, Xt)dAt (27)
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�k.C��Ø(½�©�§,§�)´÷vª(27)�Ø(½L§.

~ 4 � a, b´ü�¢ê, At´��k.C�L§,KdXt = adt + bdAt´��k.C�Ø(½�©�

§,)�Xt = X0 + at + bAt.

5 AAA ^̂̂

Ø(½�©�§3nØ�¡®��
���uÐ.d	,��?nØ(½�¸eÄ�XÚ����ó

ä,Ø(½�©�§3A^�¡�`³�FÃwy.3Ø(½�¸e, Liu[29]A^Ø(½�©�§5ïáy 

�.,©Ûy d�.d�éõÆö�Ñ
Ù§�
��y �.,ù
�.�Ø(½7K�uÐ�e


ûÐ�Ä:.e¡0�A���y´�..

5.1 AAAÛÛÛyyy   ���...

- Xt´Å d�, Yt´�¦d�,3�¦d�ÑlAÛ;�L§�b�e, Liu [29]�Ñ
XeØ(½y

 �.






dXt = rXtdt,

dYt = eYtdt + σYtdCt ,
(28)

Ù¥ r´Ãºx|Ç, e´¤£Xê, σ´*ÑXê, Ct´;�L§.

����m� s,�1d��K,Kîªï\Ï��ÂÃ´ (Ys − K)+.�Ä�Å ����md�,Ï

�ÂÃ�y�´ exp(−rs)(Ys − K)+.Ïd,îªï\Ï�d�A�´ÂÃy��Ï"�

fc = exp(−rs)E[(Ys − K)+]. (29)

aq©Û,îªñÑÏ�d��

fp = exp(−rs)E[(K − Ys)
+]. (30)

UìXþîªÏ�d�½Â, LiuO�Ñ
���m� s,�1d��K�îªÏ�½dúª

fc = exp(−rs)Y0

w +∞

K/Y0

(

1 + exp

(

π(ln y − es)√
3σs

))−1

dy, (31)

fp = exp(−rs)Y0

w K/Y0

0

(

1 + exp

(

π(es − ln y)√
3σs

))−1

dy. (32)

d	,ÄuT�., Liuí2ïá
Ø(½½|eõ�y ��., Chen[37]�Ñ
{ªÏ�d�úª.

5.2 þþþ���£££888���...

-Xt ´Å d�,Yt ´�¦d�, Peng�[38]�Ñ
�a#�Ø(½y �.(33),¿í�
�îªÏ

�½dúª.






dXt = rtXtdt

dYt = (m − eYt)dt + σYtdCt,

(33)

Ù¥ r,m, eÚ σ´�½��~ê.

T�.£ã�´²L¥~��þ�£8y�,=�Yt > m/e�,�¦d��k�UeO;�Yt <

m/e�,�¦d��k�UþÞ.l�Ï5w,�¦d�3m/eNCÅÄ.
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5.3 ÀÀÀ111���...

�Xt´�IÀ1,|Ç�µ, Yt´I	À1,|Ç� ν, Zt´®Ç,K®ÇÑlAÛ;�L§e�À1�

.�


















dXt = µXtdt

dYt = νYtdt + σYtdCt

dZt = eZtdt + σZtdCt .

(34)

Ø(½�©�§3y ½|ÚÀ1½|�¤õA^¦Ø(½7K��
éÐ�uÐ. `z���

¡, Zhu[39]A^Ø(½�©�§Aïá
Ø(½`z���., Yao�[40]JÑ
�aØ(½`z�.¿A^

u)�¥�XÚ.Ø(½�©�§�3�2�/A^u²L!7K�+�.

6 (((ååå���

Ø(½�©�§´£ãØ(½Ä�XÚ�#óä.�©o(
Ø(½�©�§�ïÄyG,0�
Aa

£ãØ(½Ä�XÚ�Ø(½�©�§,o(
§�3²L!7K��¡��
A^.duØ(½�©�§

´ïá3Ø(½©Û�Ä:�þ,¤±�±UYïÄ�õ�2Â�Ø(½©Û9Ù��éA�Ø(½�©

�§,�Ø(½Ä�XÚ�ïÄJø�õk��êÆóä.
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