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Single item lot sizing problem considering loaning

and capital constraint

Chen Zhen, Zhang Rengian*
(School of Economics and Management, Beihang University, Beijing 1000191, China)

Abstract: This paper investigates the influence of capital and loaning on an enterprise’ s production planning.
When an enterprise starts to produce a certain number of products, its capital should be no less than the total
production cost and above zero to avoid bankruptcy. Otherwise the enterprise must borrow money, or decrease
the production quantity. This paper formulates a profit maximization model considering both the initial loan
and capital constraint for the single item lot sizing problem. This problem is converted into a travel salesman
problem and a polynomial recursive algorithm and a heuristic adjustment are proposed to solve it. Our algo-
rithm can get an optimal solution when the unit variable production costs are equal and get a feasible solution
in other cases. Numerical analysis shows its deviation errors with optimal solutions are rather low and it has

computation efficiency advantage compared with CPLEX 12.6.2 when the problem scale is large.
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Table 1 Notations and decision variables in this paper
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T 25t B B SRR B IR AR T A
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By %t BRI B AR, Bo Foml e s 1 BrBiIvIm s &, A M TR &N, Bo = B.
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T
ye <D dpzp,  t=1,2,....T, )
CtYs —]:;th < Biq, t=1,2,...,T, 3)
wy < dy, t=1,2,...,T, @)
Li=1I 1 +y—d+w, t=12..T, (5)
B. + By, t=0
By = q Bi—1 + pieldy — wi) = hely — s424 — ey — mowy, t#0,t# Ty (6)
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Iy =0, (7
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M, BL(1 + 7)™ FoR ik, sUQER ¢ BrE A= & 50 Bog R s R &, W 4 g = 0,
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fT+1(IT7 BT) =0.

SIE 1 ML FEN, fi(li_1, Bi1) &RT By MIERE BRI SHIUG AT KA AR, FI46 55 48
K, WK T4 R Sk

UERR 53 ¢ Y BRPIMIUG % 4 By, WIAHXT T 2 B AW 4G 05 4 BT O A2 7= 22 1, 198t P12 R 4%
R @2)~KOVIIARIE RN 2, HESMARKIERB), 4 B HAFT RN, B,y BUK, M7E ¢ BB Rets A4
PRI BRI, BERSI A I T SR BE R L B T B D, B RGN, LA py > ey, MR RS
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Fig. 1 Sketch of the production arrangement
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By + Y pildi —wi) — 51— coyp — »_(hili + miww), m # Ty,
Bin = i1 m (13)
By + Y pildi —w;) = si —cyr — Y (hily + mawy) — Bu(l+7)™, m =Ty,
1=t i=t

AAMVAES kB BOR> Iy WA R, FRESS ¢ BrBagin I,y RZEF &, W ¢ — 1 BrBUS 58 m BrBUK
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t—1
B, 1 =Bi_1+cplio1+ Z hili_q, (14)
i=k
t—1 t—1
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Fig. 2 Sketch of the longest path problem changed from problem P1
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TR P2 AR R ] LRI A

Max BBy, = Z [(pe + 7e)ve — (hedy + cove + Tidt)] — Sim, (18)
¢ t=m
s.t.
Cm > Ui+ Sm < B, (19)
t=m
B >0, t=mym+1,...,n, 20)
It:th, t=m,m+1,...,n, 21D
t+1
B+ (pe + me)ve — (hely + S + € Z vy + medy), t=m,t# 1L
B, = . (22)
By_1+ (pe + m)ve — (hiely + S + Cm Z ve + medy) — Br(1 + T)TL7 t=m,t="Ty,
t=m
B Bt_1+(pt+7Tt)Ut—(htIt+7Ttdt), t:m—l—l,...,n,t;éTL (23)
t P—
Bt—l —|— (pt —|— 7Tt)"Ut — (ht-[t + Wtdt) — BL(]. + T)TL, t=m + 1, e ,n,t = TL,
I,.1=0,1,=0, (24)
0 <dsy, t=mm+1,...,n. (25)

T P2 th, ZIRGEAR(19) N R BB G LAH, ZIRGRAT0) R R A AE & Bef BT S AR T 0,
DU G VA LI RAT Q1) AR A 1K 1 LIRS (22) 5 20 AR AT (23) R R M R IE 5 4
WA QAN FEL P2 (TG P A7 AR PE AT R % LR AF Q)R RIBAZ B R

T P2 AZR MR, SRIEAZ R v, t = mom + 1,..., n, AT LA — S G R SR, 451 o
TETE, A RS RORAR. 2 )L P2 AT AT, WU A m B BB B2 R BEBUER n B B AN AT AT, SERE

% BByn = — Z mdy, M m BB 0 BB TR T BON: AR, A O
t=m
FET B K BR A 0] B ) B0 A BRI SR it 735 DA b 23 B, AR SCHE HH 4n R BRI 346 1 A X
{ max [Bfnfl +BBm7t] , t=1,2,...T
B} = { 1Sm<t

Bo, t=0.

(26)

B ERRLL T A AR A R, B ¢, = ¢, VE B, B R PRI EARAE, SRR B 15 5] 1
P B A 76 B AT AR AR P2 AN RN, SRAE B v] LAS 3 1] 8 P1 G — AN AT AT

MERR  7E A n] AR A P A AR [RIBF, E 5] 2 2 %0, S s 2 < FEAEPE T, BBy, P LA 1) P2 3K
fift, HI I ER 1R, WIGAA B AR OK, B AR AR MR X(26), TE TSI FR Y, B O B K )46 B 4ok
fift BBy, WHZEBAHEI FE — 8 REOS 15 BB K IR 58 &, BRI By 2 )8 P1 RS ARAE. 15307l & P2 (13
i, Ed R 16) 5017 52y 5w IREA RN By Wi, B3] o, Bk, REB: 520 24, yg, we B
ST PL FI SR,

15 B W EI AR, A ) P2 B9 2 17 R P & I SR 46 A, BRI, SRAR B 13200 24, vy,
wy — FE AT LR S AT AT A IEEE.

#ie 1 XTI PL AR — WIAT AR, B ATAT BN 24, ye, wy, VE, R T 1% AT AT R AT 2 S AH
A A PR iR I R, B SR — AN AE R R ¢ Y BT UR, B AN B RRE I FELE ¢ B BUIF A,
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to—1
By o1 — 81, — Yty >0, Bryo1 — Sty — CooYp, > 0,00, + > hi < ey, MIBTUUEERS ¢y BB —H4r £ &
=t
Pty BB, DMEIR R &8 K.
ZAES NN A KA R, KRS AR P E AT LA QTS H, B
By 1 — 8¢,

Ay, = ——— — 1, (27
Ctq

Ja kAR B AR WA 4 FR.

El4 BARAFRIRE

Fig. 4 Process of heuristic adjustment
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IBHEE L RA

HB1 WG, of 0, t=1,2,...,T; i+ L, AHTFHE P2, iIHHA BB, t =40+ 1,...,T.

$IR 2 WRHEK(20), 153 B;.

B3 i« i+ L, WHFRE P2, IHHTA BBt =4,i+1,...,T.

WA N0 < TR, BELER2 58183, 153 B,

SE]S WIERZN By WSR2 & By = BB, j = 1,2,..., 7, Wl 27 « 1, % B} = BBy,
k=1,2,...,5, W a; + 1, BEEX—ITFE, EREH o ik RI\BEIWIE o, t =1,2,..., T, FXIHEH
F I P2, TR of, iRPER6) A7), BE 2; Hwit=1,2,...,T.

LI 6 X TAF BN PTAT MR, S 1) RS 75 2 T 2 0 1 RO ZR A, 0 2, UARYE J8 e A X (24) 1
AR ORARERIBRIN of, yr 5w, RANREREROBEIHAR 4.

L PE RIS i SR A o, BRI RA TSR E 241N O(n2y). #H &M RIS AW
R, VIR N AT AT MR, 9 AR VR E A BN O(nL), WG E NS AT AT fg IS, P s vk i VR R R
N O(n2L), Herhr L 9 s o v B I f RIEARIRE, 2 — D WIGA I E . 5k, 5005 RA S 0
N OMPL) 8L O(ntL), & —AZ T [ 5k,

43 AXEBESEGHEE FRENARE

AT BV EEE AR S AL it & AR 7 1) R e K XONAE T 2R % AR (3) 5 Bt & Rk (6). Q) IAAAERR
il T A AR = R 0, A AE AR PR I FE AN R AR = B8 s S (6) AR TE A Z 0 R 5 4% Ge s e J1 240 R
Ryt A = 1) REAS [, Aol B AR = BB 70 (5% 4 80) B AR Bl BR ARV R B B A0 A, BT 75 R & DL R AR 7= JR Bl LA,
AR PR A S AR S B AT DG, Al R4 77 6 A7 AR P i R o n] BE 3, BT e DD

P B8 T B 72 IR B it e A 7= ol A T 2 A Ay 5 A% ) B, Wagner-Whitin 535148 5 5 4E 24
26)H ML, A SCHIA R ZACTE T V& S B B AR BE 25 BB, B, 8 26 M RURI 7 1) 8 P2 SRR, 1%
T )AL B e 2R (19) 5 30(20), 15 BRI 2 v < dy; T Wagner-Whitin 5735 78 11555 35 55 2 18] 0 2%
FREBSE, AU TR 7T A E 195 3020) B 178 P2, SEE 7 i & P2 RN v, = d;.

XF T A% S8 TG R 0 2 (R B it A AR ) R, G AR o AN 52 B AT AR A 7 A RS L, TR T
AR L&) B 4 A R T i, 24 % B B B T AR AR PR AR A AN T R AR A L. TR AR SR Sk
T PEAE VRN AL, 72 R R T Bont 45 R AT .
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5 BESH

51 BEHIKRE

ASCAE ] SCHERI2001 (0 B0, X6 A SC R B VR AT 36 0E, b 7R SR T W @ P2 1A T MATLAB
2014a P B 1A fkR0

PRI T = 8 i, B nl AR A 7= A AR [R] i, 2% S50 BUE W3R 2 Fiow.

R2 T=s8HHZSHKEEL

Table 2 Parameter values 1 when T" = 8

Dt 30 22 42 14 30 12 12 40
ct 10 10 10 10 10 10 10 10
hi 5 5 5 5 5 5 5 5
St 100 100 100 100 100 100 100 100
dy 9 12 9 25 9 20 20 25
wy 2 2 2 2 2 2 2 2

TEH R S A H, o AR 2 ik 2 7= il J 0 3, 1940 Wagner-Whitin 52353188 Aksen!™! b () 50925 i
K A BT AT BEAN IR R AR P JE B AR BB BB /N T 0, A8 Be AT BT AT, RIS A ST L, 4
WL T 408 180, WA WIMAME LT BT i), tH &5 RNk 3 Fis, 15 2 AR R 52408 1 040.

=3 T =8HRIKRMBLER 1

Table 3 Computation results 1 when 7" = 8

Tt 1 1 1 1 0 0 0 1
Yt 8.00 12.00 9.00 34.00 0.00 0.00 0.00 25.00
wy 1.00 0.00 0.00 0.00 0.00 20.00 20.00 0.00
Iy 0.00 0.00 0.00 9.00 0.00 0.00 0.00 0.00

By 238.00 282.00 470.00 335.00 470.00 430.00 390.00  1040.00

A g H N 5 fs.

oW o e T e,

1 2 3 4 5 6 7 8
B5 T=8mMetErRH~ER1

Fig. 5 Optimal production arrangement 1 when 7" = 8

MVIUE 4N 180, WIUEMEFT % 4 50, A TTHIIR v 5 NI B, FEak RN 1 %o, MR¥E A ST E I, i+ H
BRI 4 o, [FBIPRIIARZE 4N 1064.45.

F4 T =8 RIHIRIELER 2
Table 4 Computation results 2 when 7" = 8

Tt 1 1 0 1 0 0 0 1
Yt 9.00 21.00 0.00 34.00 0.00 0.00 0.00 25.00
wy 1.00 0.00 0.00 0.00 0.00 20.00 20.00 0.00
Iy 0.00 9.00 0.00 9.00 0.00 0.00 0.00 0.00

By 260.00 169.00 547.00 412.00 494.45 454.45 41445 1064.45

ARG BT BRI 22 H B 6 fros, B 5 5 6 i B 1 AV A AR P o R ITT AR I A B8 < K
/INBERE A AV R R I A 77 2 A
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\4

1 2 3 4 5 6 7 8
6 T =38BMeEMEFTRIRER?2

Fig. 6 Optimal production arrangement 2 when 7' = 8
52 SEilBmE
FE B AT AR AR P AR AR SR, AN ER 4 B B iy Sn w3 AR 7= oA 25, FAt ZHiE 53K 2 A TEL.
WGBS 200, BOH HIAEAEHTTE G, ARFEA SCEIE R MR, 15 B A IR B 4 1 473.8, A7~ 45 R ALK 5.

FzS5 T =8 HRIKRMEER 3

Table 5 Computation results 3 when 7" = 8

Tt 1 1 1 0 1 0 0 1
Yt 9.00 12.00 22.40 0.00 9.00 0.00 0 25.00
wy 0.00 0.00 0.00 11.60 0.00 20.00 20.00 0.00
Iy 0.00 0.00 13.4. 0.00 0.00 0.00 0.00 0.00

By 280.00 324.00 311.00 823.80 903.80 863.80 823.80  1473.80

R4 CPLEX Kfi, 19 RIS IHAR %4 1 517.28, 47745 Rk 6 fix.

F6 T =8 BTHIRELE RS

Table 6 Computation results 4 when 7" = 8

Tt 1 1 1 1 1 0 0 1
Yt 9.00 12.00 22.40 8.44 9.00 0.00 0.00 25.00
wy 0.00 0.00 0.00 3.16 0.00 20.00 20.00 0.00
Iy 0.00 0.00 13.40 0.00 0.00 0.00 0.00 0.00

By 280.00 324.00 311.00 867.28 947.28 907.28 867.28 1517.28

M5 53R 6 Wl UG Y, fE S04 AR AN RN, ASCRR R S Al RS s vl se BT — 2 Mm%
AR, 2R S IS 4 BrBOWRIZEAEAN Y 0, AN A2 “FBEAF TR
N T MRASCER R R RS S U i ZERE L, A SO % S 807 AR AN X TR], FEREAS X E] 4 4
SRIRMIIE) 7340, Ik 7 B,
®7 ZLYEE

Table 7 Parameter values

By Pt ct St ht st
low (600 2 000) 6 12) 4 6) (80 120) “4 6) “4 6)
high (2 000 4 000) (12 24) 8 12) (320 480) 8 12) 8 12)

Ao A7 T IR A SR EE PR D0 73 S R k. AT AR RS DR B g — BUEL Y 500, S STHIR DY 5 BB,
TERAZFE N 1%, BPr B RECER A SCRO91H RIE]. & —HSHA &, A% 20 DEHI, Bk, X T4
— AN E BRI, —35F 26 x 20 = 1280 MHEFISLEE. LI R K 8 5% 9 4.
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Table 8 Computation error without heuristic adjustment

T AEkfiEE e duw aan ] KR PR

8 0 100 % 0% 0%
12 1 99.92% 1.77% 0.001 %
24 0 100 % 0% 0%
24 0 100 % 0% 0%
60 7 99.45% 0.15% 0.000 4 %
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Table 9 Computation error with heuristic adjustment

T AERfiEE e aa ] KR PR ZE

8 0 100 % 0% 0%
12 1 99.92% 1.77% 0.001 %
24 0 100 % 0% 0%
24 0 100 % 0% 0%
60 4 99.45% 0.15% 0.000 3 %

M T AN R AT DA Y, A SCHEVELE S BIIR H R IS, SRR IR KW ZENT 2%, Wh B K
RS, B B A A 1) A 22 5 /).
53 SCPLEXiHEME XL

A EE SR A IBM CPLEX 12.6.2 7R R0E LA 7 XF b, B MATLAB 2014a ZWf%, fEACEE RS
4 Intel(R) Core(TM) i5-2430M, 2.40 GHz, )3 ] 174 3G, #:/E RGN 32 £ Windows 7 [FZE 1A LN iz
17, tFE L R 10 frow, Hd i H B8RP I24T 5 IRESPYIRA]. BT TG 5 500 &5 v kg
B S, T TH B R BRI AR TR DR 4

#= 10 AXHEAES CPLEX iHEMEXTtL

Table 10 Computation efficiency comparison between our algorithm and CPLEX

I VIt 4 R Rt _CPLEX

BT EI(s) SBATISA(s)

16 200 1 067.84 1.55 0.13

24 4 000 14 162.63 3.56 0.62

36 4 000 24 856.82 8.25 1.35

60 4 000 45 848.90 29.77 75.62

96 4 000 57 637.69 92.67 >1973

120 4 000 57 223.00 180.03 >1824

150 4 000 76 765.96 340.67 >2 135
M EFRTTCLE Y, 76 ) U R /N, A SCRVE TS TR B CPLEX fE K, 1X 42 1T CPLEX 8 F 1)
O3 ST FHVRAT 0] AR NS, 43 SR, A A SC B B AR 3 AR T 24 1a) U 458 KB, A SRR I RK

AR HIZET R, T CPLEX 1H5 75 BAE S K s i8], I H AL R SN 96 AN F M PL_ R, CPLEX fig {7
B 5 KB N AR, LT WAEAS 2 B35 (out of memory), SECHHE 1k, Bk b, AL RERS R R I
B 8] L A5 3125 FR W) AR A5 B 8 4 5 38 4 20 R A FR P L o) R ) B A R

6 ZiRiE

P A2 ) 5 8 BAE Al i) B B S s T AR W B2, ASCHE IR T AR R DT e S R e AR
B SR R, SR A B AR, MG R R, Bt 1 A 2 I R (R SR HEAT R, BB 4h
RARW, 25 B BUK AL W] A2 A 7 A SR I, A ST S0 B8 AL DR AT B e AR, JF HLX T R i) A,
5 CPLEX AL, BAT WIS RCRILH . BB B S al AR 2R BAS A AR SE I, A S SRR RN 15 3wl AT
fift, I H 5 MR AR ZE AN K. AT BRI AN S Tt A 7= s, B mT B Tt Ry [

AR 0 TT TR AT LA 7 LN T, 25 8 A Il R G238 Jld 25 300 2% O 1 005 K B8 = 20 AR i 21 22 77 il 1Y)
& A, 22 2 AR I e 25 RE Al ) — S R B AT O, A bR, LSO B BT, A BT R B AR

SEHk:
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