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Parisian option’s PDE pricing and its implicit difference method

Song Bin, Zhou Zhanman, Wei Lin, Zhang Bingjie

(School of Management Science and Engineering, Central University of Finance and Economics, Beijing 100081, China)

Abstract: Based on the assumptions that the underlying asset price of option follows the Geometric Brownian

Motion, this paper corrects the problems existing in Parisian options’ PDE pricing in Haber’s paper, explores the

right boundary and terminal conditions and employs the directional derivatives to transform three dimensional

PDE to two dimensional PDE. This paper used the implicit finite difference method for Parisian option pric-

ing. Comparing the numerical results with explicit finite difference method, the proposed method is absolute

stable, fast convergence and low computation cost.
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iÏ�.\OniÏ�Ú£ÄI�niÏ�.£ÄI�niÏ�´Cc5�=Å^±�Ì�A�,l�

3�=Å½d¥A^C½Ä:.ë��[13]¦^���¦�Akâ�{��=�Å ½d,)û
�=�Å

 ¥�{ªÏ�?1½d�JK,�¦�vkÚ\niÏ��g´?n�=Å¥�´»�6^±.±Ù

�[14]3ºx¥5½dµee,ò�×£�=�byÅ ��)�Ê«{üy �|Ü,¿í�Ñ½dú

ª,�¦�Ó�Ã{?nr´»�6�^±.
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uÐ�é¤Ù,Ý]öõ�Å�Ý]ö�	®Ï�,��Ï�'�·ÜÚ\niÏ�Ü�,éuû¬(Ï

À)Ï�,�¦Ï�,duë�ö¥k¯õ¥�Ý]ö,¨æ^²;{ªÏ�,·Ü��i+.I	�¢��L

²,3|		®Ï�½|þ,niÏ�´Ì6Ü�.8c·I®²3Õ1m	®½|mÐ	®Ï�,�,�=

=´²;îªÏ�,�X<¬1®Ç�ÅÚ½|z,®Çöp¯KòÅìOõ,³7�	®½|E¤��À

Â.ÏdïÄniÏ��½d,é�Ün�½dnØÚp��ê��{,3�o·I7K½|½,r?û)

¬½|û5uÐ,k���Ý]ö��¡Ñk�½�¢�d�.

2 ���þþþvvvÑÑÑnnniiiÏÏÏ���½½½ddd���PDE���{{{

3Black-Scholesµee[15],StL«I�]�d�, KL«�1d�, T L«Ü��YÏ, rL«Ãºx|

Ç,σL«I�]�ÅÄÇ,�©�?ØîªniÏ�.

2.1 ëëëYYY���þþþvvvÑÑÑwwwÞÞÞnnniiiÏÏÏ���

duHaber�[4], Zhu�[5]þæ^w5�©�{O�ëY�þvÑwÞniÏ�,�
�±�'5,�©

�ÀJëY�þvÑwÞniÏ��~5ïÄ. τL«I�]�d�3æNY²�þ±Y�m��Ý,@o

éu�LæNY²,�±½Âτ �

τ(t) = t − sup{t′ 6 t|S(t′) 6 B}, (1)

Ónéu$uæNY², τ�

τ(t) = t − sup{t′ 6 t|S(t′) > B}. (2)

2�âëYniÏ��½Â,��

dτ(t) =















dt, St > B

−τ(t−), St = B

0, St < B.

(3)

ÏL±þ�©Û,niÏ��d��±L«�V (S, t, τ),lÄ�E���ÝÑu,�±í�ÑniÏ�

d�¤÷v�PDE.

�S < B�,^V1(S, t)�OV (S, t, τ),k

∂V1

∂t
+ (r − q)S

∂V1

∂S
+

1

2
σ2S2 ∂2V1

∂S2
− rV1 = 0, (4)

�S > B�,^V2(S, t, τ)�OV (S, t, τ),�

∂V2

∂t
+

∂V2

∂τ
+ (r − q)S

∂V2

∂S
+

1

2
σ2S2 ∂2V2

∂S2
− rV2 = 0, (5)
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�§(4),(5)=�ëYniÏ�d�÷v� PDE.

ëY�þvÑwÞÏ��d�¤÷v� PDE�æNY²B©�üÜ©, S < B�,Ï�÷v���

�PDEù�PDE½)3 (S, t)|¤���/S. S > B�,Ï�÷v��n� PDE½)��3 (S, t, τ)|

¤���N,ã1L«½)�.ã1¥b½B = 50, S < B�,½)��´��N�e����²¡,P�

�I; S > B�,½)������N,P��II.
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Fig. 1 Solution field for up-down Parisian call option

� I�>.^�Úª�^�´� S = 0�,Ï�d�

V1(0, t) = 0. (6)

ùpb½niÏ�d�3 S = B?ëY,=�S = B�,

V1(B, t) = V2(B, t, 0). (7)

� t = T �,Ï�vkvÑ,�1îªÏ��ªà|G�

V1(S, T ) = (ST − K)
+

= max(ST − K, 0). (8)

� II�>.^�Úª�^�´� S → ∞�,I�]�d��uB,Ï�vÑ,d�

V2(∞, t, τ) = 0. (9)

�τ = D�,¿�X\O�m��I��mD,Ï�vÑ,d�

V2(S, t,D) = 0. (10)

�S = B�,O��",b½3d?d�ëY,=

V2(B, t, τ) = V1(B, t), 0 6 τ < D. (11)

^�(11)�niÏ�3S = B?�ë�^�.� t = T �,Ï�vkvÑ,�1îªÏ��ªà|G,

V2(S, T, τ) = (ST − K)
+
, 0 6 τ < D. (12)

ÏL*	©Û,uyO�ì τ�½�u�u�m t,�â τ�½Âª(1)=���,ùL«3� IIS,{τ >

t,S > B}ù�ncÎÜ©Ø3½)�S; d	� τ > 0,L«I�]�d�®²3Bþ�\O�ã�m,

�{�mT − t < D − τ ,=XJl t��m©�Ï��YÏ(å,I�]�d����LB,¤±Y��

mT − t��c®3Bþ�±Y��m τ�ÚT − t + τ < D,`²T�¹eÏ�Ø�UvÑ,d�niÏ�

d�Ò��AîªÏ��d�,=3 {T − t + τ < D,S > B}ù�ncÎ«�S�niÏ�d�Ú�A�
îªÏ�d���,�u{T − t < t 6 T ,τ = 0,S > B}T²¡«�SéA�Ï�d�.ã2�Ñ
#�½

)�.
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2.2 ëëëYYY���þþþvvvÑÑÑwwwÞÞÞnnniiiÏÏÏ��� PDE

�d��ëY�þvÑwÞniÏ�� PDE

I :























































∂V1

∂t
+ (r − q)S

∂V1

∂S
+

1

2
σ2S2 ∂2V1

∂S2
− rV1 = 0

V1(0, t) = 0

V1(B, t) = V2(B, t, 0)

V1(S, T ) = (ST − K)+

t ∈ [0, T ], S ∈ [0, B],

(13)

II :







































































∂V2

∂t
+

∂V2

∂τ
+ (r − q)S

∂V2

∂S
+

1

2
σ2S2 ∂2V2

∂S2
− rV2 = 0

V2(+∞, t, τ) = 0

V2(S, t,D) = 0

V2(B, t, τ) = V1(B, t)

V2(S, T, 0) = (ST − K)+

t ∈ [τ, T ], τ ∈ [0,D), S ∈ [B,+∞].

(14)

2.3 \\\OOO���þþþvvvÑÑÑwwwÞÞÞnnniiiÏÏÏ��� PDE

3\O�me,O�ìτ��©L�ª�

dτ(t) =











dt, St > B

0, St < B,

(15)

3S < B�, τØ�",�ØO�,= τ�±w� S < B�V1(S, t)�~êëê,P�V1(S, t, τ),dd�

�,\OniÏ�¥�� Iu)
Cz,Ø2´²¡«�,´��cëYniÏ��� IIaq,Xã3.
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Fig. 2 Modified solution field for consecutive up-down Parisian call

option
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Fig. 3 Solution field for cumulative up-down Parisian call option
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�����Au)Cz.�A�PDE�

I :



















































∂V1

∂t
+ (r − q)S

∂V1

∂S
+

1

2
σ2S2 ∂2V1

∂S2
− rV1 = 0,

V1(0, t, τ) = 0,

V1(B, t, τ) = V2(B, t, τ),

V1(S, T, 0) = (ST − K)+,

t ∈ [τ, T ], τ ∈ [0, D), S ∈ [0, B].

(16)

II :































































∂V2

∂t
+

∂V2

∂τ
+ (r − q)S

∂V2

∂S
+

1

2
σ2S2 ∂2V2

∂S2
− rV2 = 0,

V2(+∞, t, τ) = 0,

V2(S, t,D) = 0,

V2(B, t, τ) = V1(B, t, τ),

V2(S, T, 0) = (ST − K)+,

t ∈ [τ, T ], τ ∈ [0,D), S ∈ [B,+∞].

(17)

3 ëëëYYY���þþþvvvÑÑÑwwwÞÞÞnnniiiÏÏÏ���������©©©���§§§������~~~

e¡©ÛniÏ���©�§�½5¯K,¿©Û±Y�mτ!I�ÏDéëYniÏ�Ú\Oni

Ï�d��K�.d	,ÏLæNÏ�ÚniÏ��é'©Û±Ïý¡�y�©JÑ� PDEÚÛ5�©�

{�O(5. ��é'©ÛëYniÏ�Ú\OniÏ�.

3.1 ëëëYYY���þþþvvvÑÑÑwwwÞÞÞnnniiiÏÏÏ���������©©©���§§§������~~~

�S ∈ [B, +∞]�,Ï�d�÷v½)3(S, t, τ)�mS�n� PDE��Û5�©�§

V k
i, j+1 − V k

i, j

∆t
+

V k+1
i, j − V k

i, j

∆τ
+ (r − q)i∆S

V k
i+1, j − V k

i−1, j

2∆S
+

1

2
σ2i2∆S2

V k
i+1, j + V k

i−1, j − 2V k
i, j

∆S2
− rV k

i, j = 0. (18)

�n��














































aiV
k

i−1, j + biV
k

i, j + ciV
k

i+1, j =
V k+1

i, j

∆τ
+

V k
i, j+1

∆t

ai =
1

2
[i(r − q) − σ2i2]

bi =
1

∆τ
+

1

∆t
+ (r − q) + σ2i2

ci = −1

2
[i(r − q) + σ2i2] .

(19)

�±ÏL)�§|¦�Ï��d�,�´þã�©�ª½5�y²�é�¡,�du½)�m�î�

¡´²1o>/,k
>.^�Úª�^�´3�τ = 0ù�²¡¤45◦��¡þ�,�±ò½)�m©�¤

éõ��¡?1�©.Ï� τ´ t3S ∈ [B,+∞]��O�ì,§��½´Ó�ÇCz,¤±∆τ = ∆t.=3

n��½)�mS,�dSÒ´÷X� τ = 0ù�²¡¤ 45◦��¡$Ä�,�±÷X�¡¦�©,�
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(

∂V2

∂t
+

∂V2

∂τ

)

+ (r − q)S
∂V2

∂S
+

1

2
σ2S2 ∂2V2

∂S2
− rV2 = 0,

òcü�Ü¿,|^���ê,��

∂V2

∂t
cos

π

4
+

∂V2

∂τ
cos

π

4
=

√
2

2

∂V2

∂t
+

√
2

2

∂V2

∂τ
=

∂V2

∂l
. (20)

2�C/��

∂V2

∂t
+

∂V2

∂τ
=

√
2
∂V2

∂l
. (21)

òª(21)�\n�PDE��

√
2
∂V2

∂l
+ (r − q)S

∂V2

∂S
+

1

2
σ2S2 ∂2V2

∂S2
− rV2 = 0.

òn�PDEz���PDEÙëY�þvÑwÞÏ��� I,� IIéÜ�©�ª�














































aiV
k

i−1,j + biV
k

i,j + ciV
k

i+1,j = V k
i, j+1, S ∈ [0, B]

aiV
k

i−1,j + biV
k

i,j + ciV
k

i+1,j = V k+1
i,j+1, S ∈ [B,+∞]

ai =
1

2
(r − q)i∆t − 1

2
σ2i2∆t

bi = 1 + σ2i2∆t + r∆t

ci = −1

2
(r − q)i∆t − 1

2
σ2i2∆t.

(22)

e¡�âd�©�ª?1O�,¿�w5�©�{�(J?1'�.$^MATLAB ?1O�,�'�ë

ê�½Xe,�1d�K = 10,æNY²B = 12,ÅÄÇ σ = 0. 2,Ï��YÏ T = 1,I�ÏD = 0.1,Ãº

x|Ç r = 0.05,�¦©ùÇ q = 0.ëY�þvÑwÞniÏ��d�Xã 4¤«.

©Ûã 4uy,ëY�þvÑwÞniÏ��d��X S�C�kþ,�eü,Ï�3SO\�L§

¥,wÞÏ��5�éÏ�d�åû½�^,�
�½�$:��(ùp� S = 10.18�m),�þvÑ�5�

åû½�^.e¡ïÄÏ�d�ÚI�D�'X.äN�¹�ã 5.

Dªu 0�niÏ�d���ÓëêæNÏ�é'Xã 6¤«.lã 6�±uy,�D = 0�,niÏ�

�d��æNÏ��d�´Ü�,ùlý¡�y
O��{�k�5ÚO�(J��(5.

3.2 \\\OOO���þþþvvvÑÑÑnnniiiÏÏÏ������©©©���§§§������~~~

\O�þvÑwÞniÏ��éÜÛ5�©�ª�


























































aiV
k

i−1, j + biV
k

i, j + ciV
k

i+1,j = V k
i, j+1, S ∈ [0, B]

aiV
k

i−1, j + biV
k

i, j + ciV
k

i+1, j = V k+1
i, j+1, S ∈ [B, +∞]

ai =
1

2
(r − q)i∆t − 1

2
σ2i2∆t

bi = 1 + σ2i2∆t + r∆t

ci = −1

2
(r − q)i∆t − 1

2
σ2i2∆t.

(23)

'�ëYniÏ�éÜ�©�ª(22)5w,�S ∈ [0, B]�,½)� I3ëY�¹e´�²¡,3\O

�¹e´�n�«�,éA��©�ªÒ´ aiV
k

i−1,j +biV
k

i,j +ciV
k

i+1,j = V k
i,j+1ÚaiV

0
i−1,j +biV

0
i,j +ciV

0
i+1,j =

V 0
i,j+1�«O,�\cã�>.^�Úª�^�=���\OniÏ��d�.

\O�þvÑwÞniÏ�d�Xã 7¤«.ÏL*	ã 7,uy§�ëY�þvÑwÞniÏ��
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d�ã/k²w�«O,¸��$u�ö.é'ëY�þvÑwÞniÏ�,\O�þvÑwÞÏ�d�

�D�'X�Ù��,�´3ê���þk�O,Ï��XI�Ï�5��,vÑ�JÝ�5��,Ï�d�

g,ÒC�.äN�ã 8.

ã 4 ëY�þvÑwÞniÏ��d�

Fig. 4 Consecutive up-down Parisian call option price

ã 5 ëY�þvÑwÞniÏ��d�� D�'X

Fig. 5 Relationship between consecutive up-down Parisian call option price andD

0 5 10 15
0

0.05

0.1

 S

D

0 5 10 15
0

0.05

0.1

S

0 5 10 15
0

0.05

0.1

 S

 

 

 D 

ã 6 Dªu 0�niÏ�d���ÓëêæNÏ�é'

Fig. 6 Comparison between Parisian option and barrier options with same parameters whenD tends zero
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ã 7 \O�þvÑwÞniÏ�d�

Fig. 7 Cumulative up-down Parisian call option price

ã 8 \O�þvÑniÏ�d��I�ÏD�'X

Fig. 8 Relationship between consecutive up-down Parisian call option price andD

3.3 ëëëYYY...ÚÚÚ\\\OOO...���ééé'''©©©ÛÛÛ

e¡'�ëYniÏ�Ú\OniÏ�,©Ûü«O��ªéÏ�d��K�.äN�¹�ã 9.

du�©ïÄ�´�þvÑwÞÏ�,Óëê�ëY.niÏ��\O.niÏ��',ëY.�ni

Ï��vÑ^���î�,ÏdØN´vÑ,u´d�pu\OniÏ�.üÒëY½´\OniÏ�,I�

Ï��,�ØN´vÑ,Ïdd��p.

4 ÛÛÛ555���©©©���`̀̀³³³

4.1 ÛÛÛ555���©©©���ªªª���½½½555ïïïÄÄÄ

éuÛ5�©kÛ5�©�ª�O�Ïf

G =
1

1 + r∆t − rn∆t(eikh − e−ikh)/2 − σ2n2∆t(eikh + e−ikh − 2)/2
. (24)
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ã 9 \O�þvÑniÏ�!ëY�þvÑniÏ��I�ÏD�'X

Fig. 9 Relationship between cumulative up-down Parisian call option price, consecutive up-down Parisian call option price andD

···KKK 1 �©�Û5�©�ªýé½.

y² ��y²Û5�©ýé½,�Iy²O�ÏfG÷v |G|2 6 1,=�.

Ï�
1

G
= 1 + r∆t − 1

2
rn∆t(eikh − e−ikh) − 1

2
σ2n2∆t(eikh + e−ikh − 2)

= 1 + r∆t − σ2n2∆t(cos kh − 1) − rn∆ti sin kh,

¤±

∣

∣

∣

∣

1

G

∣

∣

∣

∣

2

= [1 + r∆t − σ2n2∆t(cos kh − 1)]
2
+ r2n2∆t2sin2kh

= [1 + r∆t + σ2n2∆t(cos kh − 1)]
2
+ r2n2∆t2sin2kh.

©Ûþª�ªm>�ü�,éu1��, 1 + r∆t > 1, σ2n2∆t(1 − cos kh) > 0,@o[1 + r∆t +

σ2n2∆t(1 − cos kh)]2 > 1,1��r2n2∆t2 sin2 kh > 0,dd��,�ªm>�u1,=
∣

∣

1
G

∣

∣

2
> 1,@o |G|2 6

1.¤±,d von NeumanOK�Û5�©ýé½. y..

dþã©Û���©�Û5�©�ªýé½,Âñ��Ýk²wJ,.ùk|un��©�§��{

¢y. Haber�[4]^w5�©ÐÚO�
niÏ��d�, Zhu�[5]éÙ>.^��Ñ�
?�,Ó�æ^w

5�©?1O�,Ñ�3�
¯K.

4.2 ½½½555

Û5�©�ªýé½,Ù½5ØÉ��¿©�K�. �,Û5�©�{)�§|I��õ�O�

�m,�´é�m¶�¿©måC�,�m��þ¤I�O�gêC�,3�½§Ýþ�Ö
)�§|¤I

���m.

w5�©½5^��∆t 6 (σnmax)
−2,òÙC/,��Xe�ªf T/N 6 (σM)−2 ⇒ N >

Tσ2M2,=,N�MA÷v�^��N > Tσ2M2, N��m t¶¿©�ê, M��dS¶¿©�ê.3�

��¹e,�
O��°Ý, M����é��,@oN����u�u Tσ2M2âU½,³7¬E¤ü

$O��Ý,O�êâÄÑ�ºx,Ô�
w5�©�k�O�¯$B|�`³,l�àw
Û5�©�

`³.
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4.3 ÂÂÂñññ���ÝÝÝ

w5�©ÚÛ5�©�é'(J�L 1.L1¥�ëêXe: S = 12,K = 10,B = 12,σ = 0.2, T =

1,D = 0.1, r = 0.05, q = 0.

L 1 Û5�©�{�`³

Table 1 Advantage of implicit finite difference method

¿©�ê w5�© Û5�©

(N, M ) niÏ�d� O��m(s) niÏ�d� O��m(s)

(50, 50) Ø½ 0.055 6 0.233 7 0.052 4

(50, 100) 0.213 2 0.085 2 0.253 5 0.084 7

(50, 200) 0.223 4 0.234 2 0.252 8 0.214 1

(50, 400) 0.257 2 0.377 1 0.253 1 0.703 7

(50, 500) 0.253 2 0.571 9 0.253 1 1.075 4

(100, 100) Ø½ 0.068 3 0.253 1 0.079 2

(100, 200) Ø½ 0.128 4 0.253 1 0.224 3

(100, 300) Ø½ 0.231 6 0.253 1 0.453 4

(100, 400) 0.253 1 0.383 4 0.253 1 0.774 4

(100, 500) 0.253 1 0.575 4 0.253 1 1.181 2

lL 1¥�±wÑ,cn«��¿©�¹e,Û5�©�O��máuw5�©�O��m;�Ô«�

�¿©�¹e,duÛ5�©�{�O�þ��,w5�©�{��mÑáuÛ5�©�{.�Ä�Âñ�

Ý,� (M,N) = (50, 200)�,Û5�©Ä�ÒÂñ���½�� 0.253 1þ,w5�©�(100,400)�â

ª�u 0.253 1.��¦d��p�ÅÄÇ���,�
÷v½^�,w5�©�{��m¶¤�¦�¿©

Ò�[,ù«�¹eÛ5�©�Âñ�Ý��¯uw5�©�{.

5 (((ååå���

�©#.½
©z[4]¥niÏ�PDE�½)�mÚ�'�>.^�,ª�^�.òÝ/«�{

z¤¿¡�²1o>/�n�«�,¿3#�«�Sí�
n� PDE?^���êòT PDEü��

�PDE^Û5�©O�
niÏ��d�,�^æNÏ��)Û)�y
niÏ� PDEÚÛ5�©�{�

�(5,¿©Û
±Y�m,I�Ï�ëêéniÏ�d��K�,y²
¤ÀÛ5�©�ª�Ã^�½

5.©Ù��'�
w5�©�{ÚÛ5�©�{,O�(JL²Û5�©äkýé�½5,Âñ�Ý¯

�`:.
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