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Complex dynamic analysis for a real-estate oligopoly game model

with bounded rationality
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Abstract: According to the cost structural of the regional real-estate industry, the authors rebuilt the dynamic

Cournot game model of real-estate oligopolies with boundedrationality, based on the regional governmental

act of land price controlling. The authors studied the complexity of the model through theoretical analysis

and simulation. The results show that the Nash equilibrium of the perfect static game between the real-estate

oligopolies shall achieve through repetitive dynamic gamewith bounded rationality, on condition of imperfect

information. When the production technology and management skills are given, the type and the path of the

Nash equilibrium of the dynamic game between the real-estate oligopolies are determined by the regional

governmental act of land price controlling. Thus the type and equilibrium stability of the regional real-estate

market are determined by it as well.
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�ì Þ·�Æ�Nashþï´��&E!��n5e�g�¤��{þï. �y¢¥du&EØ��

Úk�n5, Nashþï�/¤o´���6uXÚÐ©^��Ä�N�L§. kØ�²LÆöl¯k�n

5 ÞÆ�Ä�üz�ïÄ. Elsadany[3]ÚYssen�[4]ïÄ
k�¢�A�k�n5V ÞÆ��.,uy

�¢�AU
O\Æ��¤þï��U5.©z[5–7]©OïÄ
äkØC¤�!�5¤�Ú4O>S¤�

�k�n5V!n Þ�., �Ñë�<ûü±9^�Cþ�éXÚ­½5Ú­½:ÑkK��(Ø.´

{��[8]ïÄäÄÑ�A�k�n5V Þ­EÆ��.,�ÑÄÑ�AòO\Æ��� Nashþï��

U5. ��J�[9]©Û
ØÓn5(É�)V ÞÆ� Nashþï:��35Ú­½5,�Ñ3cÏ¿�`³

e\¯�þN��ÝK�XÚ­½5.©z[10]ïÄk�n5aÚUýaV Þ¿�,3��5I¦¼ê

e,©O©ÛNeimark-Sacker©
ÚFlip©
�·b�üz,y²
 Þ�a.ØK�B�þï�K�Ù

­½5,±9�­�¤?\�·b�. Wang�[11]ò�¸[ÂÚ<�É�·ÜV Þ�'�©Û(hkzc

�)¥,�Ñhkzò���¤ö�{��Ú�¸[Â~��Ú�LÙ�5�|dO\=ü$�¬4|�(

Ø.�ö,�[12]òk�n5 ÞÆ�Ú\�2w½|¿��.¥,¿éüzL§?1
äN©Û.

Puu[13]�ïÄL²,�X Þê8�O\,�ìÆ�B�þïE,�3,
�Åì�¿�þï=

z. Pal[14]©Û
CournotÚBertrand�.¥É� Þ3�½¤�Ú�Çe¦^Eâ��¹,ïÄL²,3

Eâ¦^�ÇØ´é$��¹e, Bertrand¿�e Þ���uæ^Eâ,�Cournot¿�e�¬4|�p.

�©3�?+�è/d�e,ïá��5¤��k�n5�/�mu Þ¿�Æ��.,¿©ÛÙÄ�

üzA5;©Û�?��/dûüéTÆ�XÚþï5�Ú­½5�K�9Ùy¢¿Â.

2 ���...ïïïááá

muûl��è/ûü����¬¡½øA��I� 2�3c½���)�±Ï,�/�muL§

äk²w��¢�A.�?Úmuû3?1è/�´�,þØ��è/Ny3��¥�ý¢d�,ûü�

U�6uò5è/þ��d��ýÏ�.Ó�,����­�¤��è/d�,¬K���5û¬�½|

�øAþÚýÏ�´d�.��ûù«Äuè/��Ï�þÝ\ûü�6¿K�eÏ�ÑÚ½|��

¹,�WaughQJÑ�Â–�nØaq,�A
è/Ú��½|�'é5[15] .

K� Þmuû¿�ûü�Ï�´õ�¡�,ùØ=�)ISIS²L��¸X²LO�G¹!Ïä

Y²�,��)«�¢½z?§�§ÝÚ�Ý,<���¤!Ý]S.�,±9I[À1�ü!�/�1�

i+ÚN��ü!²L·^�Úúu�ï�|^�¹�ÃõÏê.�©�.cJb�: 1)I[Ú8I«�÷

*²L/³Ú÷*²L�ü�é­½; 2)�/�I¦½|�é­½�÷v���ã5Ñ�,=Ø�3�Ï

LÝI¦½I¦Øv; 3)�?�«�5�æ4��½|ÊH�´��ØÓ�,=Ø�3�I|5Æ�ë�

<; 4)�/�muûé��d��ýÏ,´Äuk�n5�,=´“áÀ”�[16].

b�,«��/�muû tÏé t + 1Ï���ýÏd� pe´�ân�muû Þ� tÏ�þûüû½

����5_I¦¼ê

pe(q1, q2, . . . , qn) = a − b

n
∑

i=1

qi,

Ù¥ a > 0, b > 0�~Xê, aL««�����pýÏd�, qi, i = 1, 2, . . . , n´1 i�muû tÏmó)

�!t + 1Ïeó¡½�È�Óa�O�û¬��êþ,«�½|´Ñ��.

3T«�è/úm½|þ, tÏzü ��éA�è/d�� cpe(q1, q2, . . . , qn),=¢¡/d1,Ù

¥ c, 0 < c < 1,L«zü ��©��/dÓ�d�'Ç,´K�Æ�þïa.9­½5��*Cþ,�?

?1�½N��­�ëê.

e1 i�muû Þè/±	�)�!+n!�È¤�Ó��o¤��'Ç� ri,0 < ri < 1,´�mu
1¢¡/d=z²��ïÓÔ©��è/¤�.«��?¼Ã�/d=�/�muè��è/¤�,´���¬¤��Ì�Ü©,�±^ü

 /dÓéAü �d��½'~5ïþ,ISþ��´/d�Ó�d�o©��,·I�Y²���o©����©��½�p.
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û Þ)�Eâ9+nY²��'�~ê, ri��L«Ù)�Eâ9+nUå�r.K1 i�muû Þ�

zü ��²þ¤��

ACi(q1, q2, . . . , qn) =
c

1 − ri

pe,

l

c

1 − ri

�Ù�È¤�Ç.- Ii = 1 −
c

1 − ri

,K Ii�Ù�È|dÇ.¤±1 i�muû Þ�¤�¼ê

äk��/ª

Ci(q1, q2, . . . , qn) =
c

1 − ri

(

a − b

n
∑

j=1

qj

)

qi.

1 i�muû Þ�|d¼ê�

πi(q1, q2, . . . , qn) = Ii

(

a − b
n
∑

j=1

qj

)

qi, (1)

dª(1),1 i�muû Þ1 tÏÝ����>S|d¼ê�

Γi(t) =
∂πi(q1, q2, . . . , qn)

∂qi

= Ii

(

a − b

n
∑

j=1

qj − bqi

)

. (2)

b�z���muû ÞÑ´k�n5�,õ Þ­E?1CournotÆ�.3I¦&EØ���^�

e,1 i� Þ�U�â�Ï�þ qi(t)Ú>S|d
∂πi

∂qi

��¹5N�Ùe�Ï��þ qi(t + 1) [17]. =XJ

, Þ31 tÏ>S|d��,K¬31 t + 1ÏO\�þ,��,XJ>S|d�KK¬ü$�þ.u´��

1 i� Þë��ì­EÆ���þÄ�N�Å�

qi(t + 1) = qi(t) + αi(qi(t))Γi(t), i = 1, 2, . . . , n, (3)

Ù¥αi(qi(t))L«1 i� Þ�þ�Ä�N��Ç.

b�Ä�N��Çαi(qi(t))� qi(t)��5¼ê,=αi(qi(t)) = αiqi(t), αi > 0, i = 1, 2, . . . , n.d

ª(2)Ú(3)�±��õ Þ�ì­EÆ��.


















qi(t + 1) = qi(t) + αiqi(t)Ii

(

a − b

n
∑

j=1

qj(t) − bqi(t)

)

, i = 1, 2, . . . , n

Ii = 1 −
c

1 − ri

, i = 1, 2, . . . , n.

(4)

�
{zO�L§,�©?ØV Þ��/,=V Þ�.


















































q1(t + 1) = q1(t) + α1q1(t)I1

(

a − b

2
∑

j=1

qj(t) − bq1(t)

)

q2(t + 1) = q2(t) + α2q2(t)I2

(

a − b

2
∑

j=1

qj(t) − bq2(t)

)

Ii = 1 −
c

1 − ri

, i = 1, 2.

(5)

3 ���...©©©ÛÛÛ

éuXÚ(5)- qi(t + 1) = qi(t), i = 1, 2,�¦�Ùo�²ï:: E1 = (0, 0),E2 =
( a

2b
, 0
)

,E3 =
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(

0,
a

2b

)

,E4 =
( a

3b
,

a

3b

)

,Ù¥E4�T�.CournotÆ�·�þï:�Ó,´ümuû Þ>S|d�"�

¤éA�²ïG�,�Nashþï:.:E1,E2,E3�>.²ï:,
²ï:E2,E3�±w¤´�äþï.

du a > 0, b > 0,�þï)þ��K�,e¡©Û�þï�ÛÜ­½5.²O�,��XÚ(5)� JacobiÝ


�

J =





1 + α1I1(a − 4bq1 − bq2) −α1I1bq1

−α2I2bq2 1 + α2I2(a − bq1 − 4bq2)



 ,

Ù¥ Ii = 1 − c/(1 − ri), i = 1, 2.

·K 1 ��?éè/��¦� 0 < c < 1 − ri= Ii > 0, i = 1, 2�, 1)k.þïE1,E2,E3´Ø­½

:; 2)e 0 <
a

4
α1I1α2I2 < α1I1 + α2I2 −

a

4
α1I1α2I2 <

3

a
¤á,KNashþïE4´ì?­½:.

y² >.²ï:E1?� JacobiÝ
�

JE1
=





1 + α1I1a 0

0 1 + α2I2a



 ,

§�ü�A�� λ1 = 1 + α1I1a, λ2 = 1 + α2I2a,Ù¥ a > 0, αi > 0, i = 1, 2.

I1Ú I2´ Þmuû��È|dÇ,L« Þmuû�M|�(|d\òÎÚ¤�[)Y².�«��?

|�¢yè/��,¦� 0 < c < 1 − ri, i = 1, 2,= Ii > 0, i = 1, 2�,Ù²L¹Â´muû Þ�~)�

¥þ´J|�.l
λ1 > 1, λ2 > 1,¤±þï:E1´Ø­½�.

>.²ï:E2?� JacobiÝ
�

JE2
=





1 − α1I1a −α1I1a/2

0 1 + α2I2a/2



 ,

§�ü�A�� λ1 = 1 − α1I1a, λ2 = 1 + α2I2a/2,kλ2 > 1,�α1I1 < 2/a�,k | λ1 |< 1.éA�A�

�þ©O� γ1 = (1, 0)Ú γ2 =

(

−
α1I1

2α1I1 + α2I2

, 1

)

.Ïd,�α1I1 < 2/a�,3·K^�e, E2´��Q

:.÷X q1¶�;�´ì?­½�,÷X γ2���Ø­½. E2´Ø­½!:.

E3ÚE2äé¡(�,3α2I2 < 2/a�,E3�´��Q:.aq�,÷X q2�;�´ì?­½�,
÷

Xγ1
′ =

(

−
α1I1 + 2α2I2

α2I2

, 1

)

���Ø­½. E3´Ø­½!:.

·K1L²,��?éè/¢1$½d,¦�/d�«�S¤kmuû Þ�)�Eâ9+nY²�·

A= 0 < c < 1 − ri, i = 1, 2�,½|ØU/¤­½��äþï,l
kÏu�?é�d���9+n.

þï:E4?� JacobiÝ
�

JE4
=







1 −
2

3
α1I1a −

1

3
α1I1a

−
1

3
α2I2a 1 −

2

3
α2I2a






,

ÙA��§� p(λ) = λ2 − tr(J)λ + det(J) = 0.ùp tr(J)�Ý
�,, det(J)�Ý
�1�ª,

tr(J) = 2 −
2

3
a(α1I1 + α2I2),

det(J) = 1 −
2

3
α1I1a −

2

3
α2I2a +

1

3
α1I1α2I2a

2,

(tr(J))2 − 4det(J) =
4

9
a2(α1

2I1
2 − α1α2I1I2 + α2

2I2
2).
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3·K�½^�e,k (tr(J))2 − 4det(J) > 0,Ïd, NashþïE4?�A��´¢�.

e¡�ÑNashþïE4ì?­½�¿©7�^�.d Jury�â,E4ÛÜì?­½A÷v

1)1 + tr(J) + det(J) > 0; 2)1 − tr(J) + det(J) > 0; 3) | det(J) |< 1.

d^� 1)�±íÑ
1

3
a2α1α2I1I2 > 0, (6)

d^� 2)�±íÑ

4 +
1

3
a2α1α2I1I2 −

4

3
α1I1a −

4

3
α2I2a > 0, (7)

d^� 3)�±íÑ
∣

∣

∣

∣

1 +
1

3
a2α1α2I1I2 −

2

3
α1I1a −

2

3
α2I2a

∣

∣

∣

∣

< 1. (8)

éáª(6),(7),(8)��NashþïE4ì?­½�¿©7�^�� α1,α2Ú�?è/d���Cþ c÷v

0 <
a

4
α1I1α2I2 < α1I1 + α2I2 −

a

4
α1I1α2I2 <

3

a
. (9)

y..

NashþïE43ª(9)¤½Â�«�S´ì?­½�þï:.3)�EâÚ+nY²= ri, i = 1, 2(½

�,X Þ��Cþ α1,α2Ú�?è/d���Cþ c�Ñ
ù�«�, E4òC�Ø­½.

TXÚ3Nashþï:�­½5�6umuû Þ�þ*NëêÀJÚ�?/d��ëê,kOu·

�CournotÆ��þï�.3y¢¥,�½�?è/d���^�, ÞÆ�V�´Äuk�n5�,Ø�U

á=��NashþïG�,
I�V���EÆ�,�ªâU�¤­½�½|Ók©��Û.
����?­

#N�/d½Æ�V�k��½öü���þN��ÝL¯,Ñò¬��XÚ� lþï9�g�±Ï

),?\·Ä�.�α1,α2Ú�?è/d���Cþ c�����Ø¬K�Nashþï)��,TXÚÄ�þ

ï�þ�ûu½|,=ýÏ½|d���þ�'X pe(q1, q2) (�©¥dëê aÚ bû½).

·K 2 ��?éè/��,¦� 0 < c < 1 − ri(= Ii > 0)� c > 1 − rj > 0(Ij 6 0), i 6= j�,

1)þïE1,E4´Ø­½:.

2)e i = 1, j = 2,K� (1 − r1)

(

1 −
2

α1a

)

< c < (1 − r2)

(

1 +
4

α2a

)

� 1 − r2 6 c < 1 − r1�,þ

ïE2´ì?­½:.

Ón,� (1 − r2)

(

1 −
2

α2a

)

< c < (1 − r1)

(

1 +
4

α1a

)

� 1 − r1 6 c < 1 − r2�,þïE3´ì?­

½:.

y² y²�{Óþ,Ù¥� c < (1 − ri)

(

1 +
2

aαi

)

, i = 1½ i = 2�,E1�Q:. y..

·K 2L²,��?Jp/d�, ÞÆ���Û�U��»,/¤«�1��ä.ÄÙ�d,3u�� 

Þmuû�)�EâÚ+nY²3�½�Ï´(½�,ÙJ|�ªÚJ|Y²�´�é­½�.���Ù¤

�­�|¤Ü©�è/d�2Ä�,du Þm�3J|Y²�É,Ò�)
«�1��ä��*^�,=

/dþ�¦�� ÞEkJ|
Ù{ Þ�|$�º��,�äÒ¬Ñy.

d	,��?éè/��,¦� c > 1 − ri= Ii 6 0, i = 1, 2�,ë�Æ�� ÞþÑy²Eº�.l²

LÆþù, Þ�/¤L§û½
ë�Æ�� ÞØ�UÓ�ÑÑyº�.ù«�/3y¢¥Ly�«��

?áÏS(=��d�f5��m�Ý)éè/LÝÏu,¯�òè/d���ép�Y²,
ÓÏ�dþÞ

��Øþ/d�þÞ�,¬@¨�Ü©�� Þmuû,�¦�/�½|?\�^½Ê¢Ï.ù�±�©�
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.©Ûþï9Ù­½5®Ãy¢¿Â, Þë�<3ù«�/e)�ûü'�þûü�­�,��©Ø2�

?Ø.

4 êêê������[[[©©©ÛÛÛ

e¡ÏLê��[w«Tk�n5V ÞÆ���5XÚ(5)�Ä�üz.ã1�/dëêð½�(÷

v·K1�/),k�n5V ÞÆ�Ä�üzã(þïG�9S�L§),Ùëê�� a = 10, b = 0.5, c =

0.3, r1 = 0.5, r2 = 0.4,Ð�� q10 = 3.5, q20 = 8.6.
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ã 1 k�n5V ÞÆ�Ä�üz(0 < α1 < 1)

Fig. 1 Dynamic evolution of duopoly game with bounded rationality(0 < α1 < 1)

ù�Nashþï�(6.67,6.67),ù�´Cournot·���Æ�Nashþï:.¤±,=¦´��Ø��n5

�Æ�,�­E?1éõg,��UÅìª�uNashþï.�´,ûØUr§��Óå5,§�k��þ�«

O:ù´Ä��þï,
��n5Æ�e�þïK´·��þï.
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ã1�ê��[¿©`²�©�.� Cournot·�Æ��þïØ´�g5�¤�,
´ÏLeZg­

EÆ�,d±Ï$ÄÄ�N���,�ã 1 (b)¥α1 < 0.667�«�.ùL² Þþ´k�n5�,=z��

ãÆ�¤ë��=�c�Ï&E.²O�,� a = 10, b = 0.5, α1 = 0.5, α2 = 0.2, r1 = 0.5, r2 = 0.4, c =

0.3�, Þ�²L64�±Ï)S���Nashþï�6.67; Þ�²L65�±Ï)S���Nashþï

�6.67;� Þ²L 65gÄ�­EÆ��¤Nashþï(6.67,6.67),�ã 2.
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Fig. 2 Nash equilibrium iterative path of duopoly game with bounded rationality

e c9α2�Ù¦^�ØC= Þ��þN��Ç α1Cz�,¦+þï)´���,�3 Þ�ØÓ�

N��ÇÀJe�¤þï�´»´ØÓ�,�L1.�½ Þ���þN��ÇØC, Þ��þN��Ç
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Fig. 3 Iterative path of duopoly game with bounded rationality in chaotic state(’attractor’)
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Fig. 6 Dynamic evolution of duopoly game with bounded rationality(0 < α1 < 1)
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Fig. 7 Largest Lyapunov exponent of oligarch 1 in duopoly game with bounded rationality and different land price parameter
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Fig. 8 Dynamic evolution of triopoly game with bounded rationality
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