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Analysis of aircraft sortie generation rate based on

closed queueing network model

XIA Guo-qing, CHEN Hong-zhao, WANG Yuan-hui

(School of Automation, Harbin Engineering of University, Harbin 150001, China)

Abstract: Based on queuing theory, an analytical method is presented to calculate aircraft sortie generation

rate. Firstly, the aircraft sortie generation process is modeled as a closed queuing network and an idea is put

forward that different stations in the network can share onekind of server. Then the mean value analysis (MVA)

algorithm is ameliorated. The model uses the variation of the MVA to calculate the aircraft’s sortie generation

rate which is useful for commander’s decision-making. The paper also analyzes other performance measures

such as queue length and resource utilization and ascertains the bottle-neck of the sortie generation process. At

last, the validity of the analytical method is demonstratedwith simulation result of an example.
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egÇ´Å|3ü �mS�±±YÑÄ��Åêþ. éu�Ô�Å,ü �mSÑÄ�eg�õ,Ô

��Å¬Ò��,¤±egÇ�ïÄäk�¿Â,ù��I��É'5. �´duegÇÉ�Å�k�

?A5ÚÄ/��XÚ�Ï�û½,ÏJ±(½.

�
éÅ|�ÑÄUå?1�¦q°(�©Û, ~^�ý�{[1 – 3]. ,�ý�{kX�ÓØv�

?,Ò´I�Ñ\�þ�êâ,ï�Ú$1�~Ñ�[4] .u´ïÄ<
m©ïÄ^)Û��{¦)egÇ.�

Å�ÑÄ£Â/¤��¯�°Ä�lÑXÚ,�Å3ÑÄ£Â¥�?Û���!Ñ�±w�´�r��Ñ

Ö¥%�ÉÑÖ,�lm�L§,¤±�±ï¤Ü·�üè�.,¿^üèØ�¤ÙnØ�{?1©Û.
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�¿��[5]ÄuüèØïá
ü�ÑÖ¥%�Å+ÑÄUå�.. Sarma�[6]ÄuüèØïÄ
�½�

?]Ú¤^��e,�5�?è�Å��^Ý.

��5`, �Ô�ÅlÅ|å�, �ª��üáTÅ|, ¢SÒ/¤��µ4�XÚ, ·Ü$^4ü

è�ä?1ï��©Û. Dietz[7]JÑ
�aFork-Join4üè�ä�¦)�{¿A^�egÇ�©Ûþ.

Hackmant[8]ïÄ
ÔÌÅÑÖ�mÑl��©Ù^�e�egÑÄUå. Nicholaus[9]�y
3g£��V

g��e,Å|���æUåOr,lJp
egÇ.

�´þã4Üüè�ä�.¥Ñvk�Äõ�ÑÖ¥%�^Ó�aÑÖ]��¹. 4w©[10]ïÄ


�¶ó<Ó�w+ü�Åì�)�XÚ,ïá
üè�.. Desruelle[11]¡�ó�6Y�éT¯K?1
ï

Ä,ïá
ü�ÑÖì3ØÓÑÖ¥%�m���m�üè�ä�., ¿�E
��m��4��=�¼

ê^±©Û4üè�ä�.. �©ïáõ�ÑÖì3õ�ÑÖ¥%�m�^�4üè�ä�.,U?
�

²þ�©Û(mean value analysis, MVA)�{,^u©Û�Ô�Å�ÑÄ£Â��.

2 ���ÔÔÔ���ÅÅÅÑÑÑÄÄÄ£££ÂÂÂ���...���ïïïááá

��5`, �Å3��L§¥��¤�X��¹Ä, �)ýuÿ!�1, �?!�o!\h!!�9

VÚ�,Xã1¤«. Äuüè�änØ, ò�Åw�´�r, �«¹Ä��Å�É�ÑÖ, ù��Å�Ñ

Ä9£ÂL§Ò�±^��kM�ÑÖ¥%ÚN��r|¤�4üè�äL«. ze�Å31 iÑÖ¥

%�¤ÑÖ��±�½�VÇ pij=£�1 j�ÑÖ¥%. �Å3��ÑÖ¥%m�=£�±^��Ý


P = [pij]M×M £ã.

ã 1 �ÅÑÄ£Â�üèL§

Fig.1 Aircraft sortie generation and recovery process

ze�Å�ÑÄ£ÂL§lýuÿm©, uy�æKá=ª�å�,¿�=£��? �É�?. ù«

É~¥ä�VÇ� p13 . �uy�æ��Å�~å�, ± p12�VÇ?\�1 . �Å?\�1 �Ò´�

Å3�¥�1,Ïm�1?Ö.�Å�1?Ö��Uu)�æ,üá�±VÇ p23g1w1��? . �u)

�æ��Å±VÇ p24g1w1��o ,?1��æ�o. 3�? ?n��æ���Å�?\�o .

�Å���æ�o�¤�dö�VÚ�\h . \h�¤�,�Åq�VÚ�!� . �ÅCÐ���?1

å�c�ýuÿ,m©e�g�1.

�Å3��ÑÖ¥%m=£¿�ÉÑÖ,b½ÑÖ�mÑlK�ê©Ù.z�ÑÖ¥%Pk�½êþ�

](ÑÖì)��rJøÑÖ.ÑÖì�êþ�N
UÓ��ÉÑÖ��Åêþ.

éu�õê4Üüè�ä,Ù��ÑÖ¥%�pÕá, Pk�g�ÑÖì. �3�Å�ÑÄ£Â6§¥,

VÚaÚVÚbü�ÑÖ¥%¤^�ÑÖìÑ´ö�. ùü�ÑÖ¥%�m^J����IkÑÖ�!��
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µ�ë,L«�^Ó�«],ùa]B´ö�,JøVÚÑÖ.ö�3VÚaÚVÚb�ÑÖ�m�ûu

�1¨�ål,�Ä�´§��Ø��,b½s¤��mØ�Ó.�,,�±�ü�VÚÑÖ¥%�©��

½êþ�ö�,¿¦�Õáó�,�ù��¬ü$ö��|^Ç,lü$�Å�ÑÄegÇ.

�
�B?Ø, ^ IL«ÊÏÑÖ¥%8Ü, w,éuã1¤«üè�., k I ={ýuÿ, �1, �?,

�o,\h,!�}. ^ jL«1 ja���ÑÖì, r��1 jaÑÖì�Kj�ÑÖ¥%Ä�¤1ÑÖ¥

% jeá�fÑÖ¥%,^ JL«1ÑÖ¥%8Ü,w,éuã1k J ={VÚ}. 3Ø¬ÚåØ)��¹e,

�^ jL«1ÑÖ¥%eá�fÑÖ¥%8Ü,éu��.k J ={VÚ}={{VÚa,VÚb}}.

�.¦^U?�MVA�{¦)�ÑÖ¥%�üè�Ý!]|^Ç±9ÑÄegÇ, ©ÛÑÖ�m!

]��éÅ|ÑÄUå�K�,é�
��egÇJp�´¶.

3 ���{{{`̀̀²²²

3.1 ²²²þþþ���©©©ÛÛÛ

MVA�{´dReiser�[12]JÑ�,3üè�ä5U©Ûþk2��A^. XJüè�ävkØÓÑÖ

¥%�^A^ÑÖì��¹,�±�@�kM��pÕáÑÖ¥%. ù�Ò�±��A^MVA �{¦).

��½n(arrival theorem)́ MVA �{�nØÄ:[13] . §y²
3��µ4��ä¥, XJkN��

r,��f��!: i��rw����d!:��rêþ�©Ù,�dXÚ¥����r (N − 1)��d

!:��rêþ�©Ù.d��½n��

µi(n)Pi(n | N) = λi(N)Pi(n − 1 | N − 1) (1)

Ù¥Pi(n | N)L«3�ä¥kN��r��¹e,1 i�ÑÖ�k n��r�VÇ; λi(N)L«3�ä¥

kN��r�,�r��1 i�ÑÖ���Ý(du½G�e�r����Ý�ul���Ý, ¤±��

±¡λi(N)�óéþ); µi(n)L«1 i�ÑÖ�k n��r��ÑÖ�Ý

µi(n) = min

(

n

si

,
ri

si

)

(2)

Ù¥ siL«1 i�ÑÖ¥%�ÑÖ�m.

�r31 i�ÑÖ¥%�Ê3�m�

Ri(n) =

N
∑

n=1

n

µi(n)
Pi(n − 1 | N − 1) (3)

�âª(3)�±���r3���ä¥�Ì�±Ï.Ì�±Ï´�rüg²LÓ��ÑÖ¥%�²þ�

m. w,,ØÓ�ÑÖ¥%éAÌ�±Ï´Ø�½�Ó�. �
Bu?Ø,òÌ�±Ï½Â��rüg��

ÑÖ¥% 1 (�,��±½Â�Ù§ÑÖ¥%)�²þ�mm�

CT(N) =

M
∑

i=1

viRi(N)

v1

(4)

Ù¥ vi/v1L«²þk 1e�Å��ÑÖ¥% 1�,��ÑÖ¥% j��Åê.

-V = (v1, . . . , vM ),� v1 = 1 ,KV = VP ,Ï�´»=£Ý
 P´Ø���,¤±V = VPk��).

�â�r34üè�ä�Ì�±Ï�±O��ä¥kN��r���ÑÖ¥%�óéþ

λi(N) =
Nvi

CTi(N)v1

(5)

�âLittle½n��1 i�ÑÖ¥%o��rêþQi(N)Ú�3�ÉÑÖ��rêþQs,i(N)

Qi(N) = Ri(N)λi(N) (6)
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Qs,i(N) = siλi(N) (7)

1 i�ÑÖ¥%�ÑÖì|^Ç=��3�ÉÑÖ��rêþ�ÑÖìêþ�'�

Ui(N) = Qs,i(N)/ri (8)

éª(1)�\CÄ=���ª(9),l�±O�Ñ�r�©Ù Pi(n | N)

Pi(n | N) = λi(N)P (n − 1 | N − 1)/µi(n), n > 0 (9)

Pi(0 | N) = 1 −

N
∑

n=1

Pi(n | N) (10)

±þ�§|�«
üè�ä¥kN��rÚN − 1��r��VÇ©Ù'X. e�N − 1��

r��VÇ©Ù, Ò�±í�Ñ�ä¥kN��r��VÇ©Ù. éu?Ûüè�äÑkN = 1�,

Pi(0 | N − 1) = 1ÚQi(N − 1) = 0 ,dd²LS�$�,�¦�4üè�ä¥k?¿�r��©Ù.

3.2 MVA���{{{���UUU???

XJ4üè�ä�3ØÓÑÖ¥%�^ÑÖì��¹, KØU��$^ 2.1!¤ã�MVA �{. éu

ÊÏÑÖ¥%,��A^ 2.1!¥��ª;éu�^ÑÖì�ÑÖ¥%,�Xe�Ä.

r�^1 j«ÑÖì�Kj�ÑÖ¥%À���1ÑÖ¥% jeá�Kj�fÑÖ¥%. ½G�e,1

ÑÖ¥% j�óéþ� λj(N) ,Ù¥1 jka�r�óéþ� λjk(N) .dd�±O�Ñ3�3�ÉÑÖÚ�

üè����r�¥1 jka�r¤Ó�'~Bs,jk , Bw,jk .

éu�31ÑÖ¥% jüè����r¥, 1 jka�r¤Ó�'~w,���r����Ý(�Ò´

óéþ)�'.

Bw,jk = λjk(N)/λj(N) = vjk/vj (11)

éu�3�ÉÑÖ�1 jka�r,¤Ó�'~�Ù���ÝÚÑÖ�m�'

Bs,jk = λjk(N)sjk

(

Kj
∑

l=1

λjl(N)sjl

)−1

= vjksjk

(

Kj
∑

l=1

vjlsjl

)−1

(12)

Ù¥ sjkL« jka�r¤I��ÑÖ�m.

dª(12)�±��,1ÑÖ¥% jkn��r��ÑÖÇ µj(n)�

µj(n) = min

(

Kj
∑

k=1

Bs,jkn

sjk

,

Kj
∑

k=1

Bs,jkrj

sjk

)

(13)

Ù¥ rjL«1ÑÖ¥% jeÑÖì(])oê.

�r3fÑÖ¥% jk�Ê3�mRjk(N)w,Ò´�r31ÑÖ¥% j�Ê3�m,Ïd¿ØI�¦

Ñ1 jk�fÑÖ¥%��r©Ù.��rêþ�uÑÖìê8�,z��rÑUá=��ÑÖ,²þÊ3�

mÒ´²þÑÖ�m sjk ;��rêþ�uÑÖìê8�, ��d�rêþØ±ÑÖÇ��²þÊ3�m.

|^1 j�1ÑÖ¥%��r©Ù9ª(13)�±�� Rjk(N)

Rjk(N) =

rj
∑

n=1

pj(n − 1 | N − 1)sjk +

N
∑

n=rj+1

npj(n − 1 | N − 1)/µj(n) (14)

c¡®²�Ñ,1 jka�róéþÓo� ja�róéþ�'��Ð´Bw,jk ,¤±|^ª(14)�±�

��r3ÑÖ¥% j�²þÊ3�m

Rj(N) =

K
∑

k=1

Bw,jkRjk(N) (15)
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�,,��±dÑÖ�Ç µj(n)Ú�rêþ����

Rj(N) =
N
∑

n=1

npj(n − 1 | N − 1)/µj(n) (16)

¢Sþ,�±y²9�yª(15)�ª(16)�d.

duüè�ä3$1¥,�r¢Sþ²L�´fÑÖ¥% jkØ´�Ä�Ñ5�1ÑÖ¥% j ,¤±

3O��r�Ì�±Ï�,Ø¦^ª(15)½ª(16)�(J,´�^ª(14)�(J.Ó�òÌ�±Ï½Â��

rügÏLÑÖ¥% 1(�,�±´Ù§?ÛÑÖ¥%)�²þ�mm�

CT(N) =
∑

j∈I

vj/v1Rj(N) +
∑

j∈J

Kj
∑

k=1

vjk/v1Rjk(N) (17)

�âª(17)�(J�±¦�1ÑÖ¥% j��r��Ç λj(N) ,1ÑÖ¥% jk��r��Ç λjk(N)

λj(N) = Nvj/CT(N)v1 (18)

λjk(N) = Nvjk/CT(N)v1 (19)

A^Little½n��1ÑÖ¥%9Ù¤á�fÑÖ¥%�üè�Ý

Qj(N) = Rj(N)λj(N) (20)

Qjk(N) = Rjk(N)λjk(N) (21)

1 jka�réÑÖì�|^Ç

Ujk(N) = sjkλjk(N)/rj (22)

1ÑÖ¥% j�ÑÖì|^Ç=���fa�réÑÖì�|^Ç�Ú

Uj(N) =

Kj
∑

k=1

Ujk(N) (23)

c¡®²�Ñ,Ø7¦ÑfÑÖ¥% jk��r©Ù.éu1ÑÖ¥% j��r©Ù Pj(n | N) ,�±^

ª(9)!(10)��,3dØ2E�Ñ.

�d, MVA�{9ÙU?®²0��., 3e�!ò|^ª(1) – (23)é11!¤�Ñ��Ô�ÅÑÄ£

Â�4üè�ä�.?1©Û.

4 ¢¢¢~~~©©©ÛÛÛ

4.1 ëëëêêê���½½½

�âã 1¤«��Ô�ÅÑÄ£Â6§,L1�Ñ
��ÑÖ¥%�²þÑÖ�mÚÑÖì�ê8.

L 1 ÑÄ£ÂL§�'ëê

Table 1 Sortie generation and recovery model parameters

ÑÖ¥% ÑÖ�m( h ) ÑÖìê8

ÊÏÑÖ¥%

1ýuÿ 0.2 Ã¡
2�1 2.0 Ã¡
3�? 1.6 4
4�o 0.3 4
5\h 0.5 5
6!� 0.7 8

��ÑÖ¥% 1VÚ
11VÚ a 0.15

4
12VÚ b 0.1

b½ÑÖ�mÑÑlK�ê©Ù.�Å��ýuÿ½�1ü�ÑÖ¥%�ØI���, Uá��?n,¤±
ÑÖì�ê8��Ã¡. Ù§ÑÖ¥%Ñ��
k�ê8�ÑÖì. AO�,VÚaÚVÚ b�^4�ÑÖ
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ì(ö�).��ÑÖ¥%Ñ�Ìk5kÑÖ�üè�K. ã1¤£ã�Ô�ÅÑÄ£ÂL§4üè�ä�´
»=£Ý
ëêXe.

P =





























0.00 0.95 0.05 0.00 0.00 0.00 0.00 0.00

0.00 0.00 0.30 0.70 0.00 0.00 0.00 0.00

0.00 0.00 0.00 1.00 0.00 0.00 0.00 0.00

0.00 0.00 0.00 0.00 1.00 0.00 0.00 0.00

0.00 0.00 0.00 0.00 0.00 1.00 0.00 0.00

0.00 0.00 0.00 0.00 0.00 0.00 1.00 0.00

0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.00

1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00





























4.2 OOO���(((JJJ���©©©ÛÛÛ

$^1 2!�Ñ�MVA �{é¢~?1©Û,��
Å|ÑÄ�egÇ!�ÑÖ¥%�üè�ÝÚ�

«ÑÖ]�|^Ç.

ã2w«
kNe�Åë��1��egÇ.�±wÑ,�N < 30�,egÇA�´¥�5þ,�,L

²ze�ÅÑU9�/��ÑÖ. �N > 40�,egÇO\ªu²�,`²�Åé]�¿�ÅìCr,�

pK�C�,ù�üX�O\�Å�êþ®²ØUJpÑÄUå.

ã 2 �ÅÑÄegÇ

Fig.2 Aircraft sortie generation rate

�âüè�ÝÚ]|^Ç�±�½=�ÑÖ¥%´ÑÄegÇ�´¶. lL 2�±wÑ,�X���

Åêþ�O\,�?�!�]|^ÇO���¯. �k 70e�Åë��1�,�? ��Åk 39e�m,

]|^Ç�� 100%.¤±��egÇJp�´¶´�?ÑÖ.

4.3 ���...���yyy

Äuüè�ä�)Û�.$1�B!¯$,%Ø9�ý�.���(J°([4] .�
�y)Û�.�k

�5,ò)Û�.�(J��ý�.���°(�é'. Äu�AkÛ�{[14]ïá
ã1¤«üè�ä�

�ý�.,�ý�m 10 × 104 h,¢S$1� 12 h.L2�Ñ
©Ok 10!30!70e�Åë��1�,ü«�

.�����ÑÖ¥%�üè�Ý!|^ÇÚóéþ. �±wÑ�X�Åê�O\, Ø�kO��ª³. �

Ø�Ä�Ñ3 1%±S,��Ø�L 3%.

5 (((ååå���

ÄuüènØïá
�ÅÑÄ£ÂL§�4üè�ä�.. Òüè�ä¥ØÓÑÖ¥%�U�^Ó�

«]ùa¯K,U?
MVA �{. d�.U
¦��ÅÑÄegÇ,�(½¦^õ�e�ÅëÔJøë
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�;©Û�ÑÖ¥%ÑÖ]�|^ÇÚüè�Ý,é�
��egÇ�´¶. ��ÏL��ý(J�é'

�y
��{�k�5.

^)Û�{©ÛÅ|��ÅÑÄ£ÂL§, �Ñ
�
[!,Ø9^�ý�{���(J°(, �´¢

y{ü,O�×�,��ý(J��éØ�é�. T�{�±^uºÄ!éÄÅ|�ÑÄUå©Û,��±

^uÙ§+�X�Ï$Ñ,R5�EXÚ¥.

L 2 O�(Jý�ý(Jé'

Table 2 Compare analytical results with simulation results

�Åê ÑÖ¥%
üè�Ý óéþ |^Ç

MVA(J �ý(J Ø�(%) MVA(J �ý(J Ø�(%) MVA(J(%) �ý(J(%) Ø�(%)

N=10

ýuÿ 0.455 7 0.455 8 0.22 2.278 3 2.272 7 0.25 / / /

�1 4.328 8 4.334 2 0.12 2.164 4 2.163 3 0.05 / / /

�? 1.227 6 1.237 3 0.78 0.763 2 0.751 4 1.57 30.53 30.49 0.13

�o 0.683 9 0.684 8 0.13 2.278 3 2.273 0 0.23 17.09 17.15 0.35

\h 1.139 6 1.129 1 0.93 2.278 3 2.273 1 0.23 22.78 22.76 0.09

!� 1.594 8 1.587 5 0.46 2.278 3 2.272 5 0.26 19.94 19.93 0.05

VÚa 0.341 8 0.345 8 1.16 2.278 3 2.273 0 0.23
14.24 14.46 1.54

VÚb 0.228 0 0.226 0 0.84 2.278 3 2.272 8 0.24

N=30

ýuÿ 1.258 9 1.258 0 0.07 6.294 7 6.274 1 0.33 / / /

�1 11.959 9 11.848 8 0.94 5.980 0 5.957 9 0.37 / / /

�? 5.223 8 5.384 4 2.98 2.108 7 2.116 6 0.37 84.35 84.19 0.19

�o 1.993 1 1.995 8 0.13 6.294 7 6.274 4 0.32 47.21 47.42 0.44

\h 3.472 7 3.449 2 0.68 6.294 7 6.273 8 0.33 62.95 62.97 0.03

!� 4.473 2 4.443 2 0.68 6.294 7 6.274 0 0.33 55.08 55.05 0.05

VÚa 0.954 9 0.965 0 1.05 6.294 7 6.274 3 0.33
39.35 39.98 1.60

VÚb 0.663 7 0.655 5 1.25 6.294 7 6.273 7 0.33

N=70

ýuÿ 1.492 5 1.502 8 0.69 7.460 6 7.493 4 0.41 / / /

�1 14.178 9 14.254 7 0.53 7.089 5 7.121 0 0.44 / / /

�? 39.123 5 38.804 7 0.82 2.500 0 2.513 1 0.52 100 100 0

�o 2.541 2 2.542 5 0.05 7.462 6 7.493 8 0.41 55.97 55.23 0.46

\h 5.069 4 5.201 3 2.54 7.462 6 7.493 6 0.41 74.63 74.82 0.25

!� 5.604 2 5.685 8 1.44 7.462 6 7.493 4 0.41 65.30 65.18 0.18

VÚa 1.155 1 1.184 7 2.50 7.464 6 7.493 8 0.42
46.64 47.34 1.47

VÚb 0.835 2 0.820 7 1.73 7.462 6 7.493 6 0.41

5: ýuÿÚ�1ü�ÑÖ¥%�ÑÖìê8Ã¡�, ¦Ù|^ÇÃ¿Â.
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