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Hedging with LPM based on Copula-GARCH method

LIANG Jian-feng, CHEN Jian-ping, LIU Jing-jun

(Lingnan College, Institute for Economics, Sun Yat-sen University, Guangzhou 510275, China)

Abstract: The lower partial moment ( LPM ) model has been widely appliedin the research of hedging invest-

ment. LPM focuses on the lower partial risk, so it is better than the variance measure. However the uncertainty

of the joint distribution of the assets returns brings difficulties in the research and applications of LPM . This

article introduces Copula-GARCH method to fit the joint distribution, and applies the LPM model to the hedg-

ing in RMB foreign exchange markets. Furthermore, the comparison between LPM and minimum-variance

methods is carried out. It turns out that hedging based on theLPM model provides a better performance than

that based on the minimum variance model on both the forward market and the NDF market.
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ºx�ý¢%n. Ùg,§=�¦Ý]ö´ºx��.�,=Ù�^¼ê�].,l
�t
��Ýþ¥�

�g.�^¼ê��¦. Ïd, LPM�@�´ºxÿÝ��«�Ð��{.

A^ LPM?1@Ï���, XÛ(½�Ï½|Ú=Ï½|�'X´ïÄ¡��Ì�(J��. ®kï

Ä��b�ÂÃS��éÜ©ÙÑléÜ��©Ù½öþ!VÇ©Ù, l
{zO�L§. X, Lien�[1 – 2]

3ïÄ	®ÏÀ�Ï�e�ºx�, b�
yÀ�ÏÀ�^�©ÙÑlVCþ���©Ù. ù«?n�

{vk�Äü�7KÂÃS�ý¢�éÜ©ÙG¹, -LPM��ªO�(J�&ÝØp. Ïd,�©}Á

ÏLCopula - GARCH�{(½ÂÃS��éÜ©Ù, )û±þ(J.8ckÜ©©z,X4�L� [3]ïÄ


VaR - GARCHÄu�.x�ÔÏÀ½|ºxÝþ¯K. Hsu� [4]ÄuCopula - GARCH�.e?Ø
�

���@Ï��'Ç,�ÿ��òCopula - GARCH�.A^u LPM@Ï��'Ç��'ïÄ.

�©Äk£� LPMºxÝþ�.3@Ï��¥�A^, ,�0�Copula�>�©Ù�O�{,¿±<

¬1	®½|�~, O�ü��Ï½|��` LPM@Ï'ÇÚ����@Ï'Ç, ¿�ÏLR/SV�Ié

ü«@Ï1�?1'�©Û.

2 LPMºººxxxÝÝÝþþþ333@@@ÏÏÏ������¥¥¥���AAA^̂̂

2.1 LPM333@@@ÏÏÏ������¥¥¥���ÄÄÄ���AAA^̂̂

�âBawa[5] , Lien� [1]�½Â, n�LPM½Â�

L(θ, n,X) = E[max(0, θ − X)]n =
w θ

−∞

(θ − X)ndF (X) (1)

Ù¥ θ´8IÂÃÇ,��â@Ï��ö�8I?¿��, X´¢SÂÃÇ,n´LPM��ê.n��K�

ê,§�L
Ý]öéºx���§Ý. en < 1 ,L²Ý]öéºx Ð; 
n > 1L«Ý]öéºx�

�, n��L²Ý]ö���§Ý��.

e¡©Û LPMºxÝþ3	®@Ï��Ý]¥�A^. �©�Ä�Þ@Ï��ö��´�¹, 
õÞ

@Ï���.�daq. b��ÞÝ]ö3 t = 0��kW0�Ð©ãL,¿Pkêþ�Q�	®yÀ,d

�	®yÀÚ�Ï�d�©O� s0, f0 . Ý]ö�
5;	®yÀd�ÅÄºx, 3�Ï½|þñÑ
Þ

�� kQ��ÏÜ�. 3 t = 1��,b�yÀÚ�Ïd�©O� s1, f1 ,Ý]öñÑQü �yÀ,¿�

é kQü ��Ï?1²ó. Ý]öI�(½3 t = 0����`@Ï��'Ç k ,±éÀ	®Ý]ºx.

� rs =
s1 − s0

s0

�yÀÂÃÇ, rf =
f1 − f0

f0

��ÏÂÃÇ,3 t = 1��,Ý]öPk�ãL�

W1 = W0 + (∆s − k∆f)Q = W0 + (rs − hrf)s0Q (2)

Ù¥h = kf0/s0�?���Þ@�'Ç,§��©@Ï��'Ç k ��éA,Ïd�©ò h��ûüCþ.

P rp = rs − hrf�@Ï���ÂÃÇ, b�®�yÀÚ�ÏÂÃÇ�éÜ�Ý¼ê f(rs, rf) ,

^LPM�ÄT@Ï�e�ºx,K�±ïáXª (3)�LPM�.

LPM(θ, n, h) =
w θ

−∞

(θ − rp)
ndF (rp) =

w +∞

−∞

w θ+hrf

−∞

(θ − rs + hrf)
nf(rs, rf)drsdrf (3)

�½ëê θ, n���,-
∂ LPM(h)

∂h
= 0,¿�y34�: h = h∗?k

∂2 LPM(h)

∂ h2
|h=h∗> 0,�¦��

`@Ï'Ç h∗ . �8IÂÃ θ �½�,��y�n = 1, n = 2 ,Ún > 2�,þk
∂2 LPM(h)

∂h2
|h=h∗> 0 . I

�5¿�´,d��^�
∂ LPM(h)

∂h
= 0 O�Ñ��`@Ï' h∗ ´«�G = {h | θ > rs−hrf , h > 0} S

�ÛÜ�`),¿Ø´�Û�`.

2.2 ÄÄÄuuuéééÜÜÜ©©©ÙÙÙ[[[ÜÜÜ��� LPM���...AAA^̂̂

Äk,ÏLGARCH�{£ãÂÃS���Ü©Ù/�, ?
�âù�/�(½ü�ÂÃS��g�

>��Ý¼ê f ∗

1 (rs), f ∗

2 (rf).Ùg, ÏL4�q,�O{(½ÿÀ Copula¼ê�ëê, ¿�â[Ü`Ý
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u��{lÿÀ� Copula¼ê¥ÀÑ�U[Ü{¤ÂÃêâ�¼ê C(F1(rs), F2(rf)). ���âª (3)�

ÑLPML�ª,TL�ª´@Ï'Ç h �¼ê(b� θ, n ´�½~ê)

LPM(h) =
w +∞

−∞

w θ+hrf

−∞

(θ − rs + hrf)
nc(F1(rs), F2(rf))f

∗

1 (rs)f
∗

2 (rf)drsdrf (4)

Ù¥F1(rs), F2(rf)©O´ rs, rf �©Ù¼ê, c(F1(rs), F2(rf)) ´C(F1(rs), F2(rf)) ��Ý¼ê.

�LPM3,�@Ï'Ç h∗ e����,§AT÷v���^��

∂ LPM(h)

∂ h∗
=

w +∞

−∞

w θ+hrf

−∞

nrf(θ − rs + h∗rf)
n−1c(F1(rs), F2(rf))f

∗

1 (rs)f
∗

2 (rf)drsdrf = 0 (5)

3 ©©©ÙÙÙ[[[ÜÜÜ���ÄÄÄ������{{{

12!¥)º
�©ÏLCopula-GARCH�{[Ü=Ï9Ùû)¬ÂÃÇ�éÜ�Ý¼ê,l
�ï


��LPM�{�#�.Ä:. �!ò?Ø(½>��Ý�GARCH-t�O�{!$^Copula�{(½é

Ü�Ý�L§,±9�Copula�{�'�ëê�(½Ú�ä�K�¯K.

3.1 ���OOO>>>���©©©ÙÙÙ

3y¢)¹¥,7KÂÃS��^�©ÙØ=äk�CÅÄà8A5,�²~¥yÑ �!k¸þ�,

�A5,Ïd,<�~~^ t©Ù!GED©Ù�U£ãk¸þ�5��©Ù5�O��©Ù, l
Ú�Ñ�

X�*Ð�ª,XGARCH - t�., GARCH - GED�.�.

±=Ï½|�~, b�ÂÃS�� rt, t = 1, 2, . . . , T ,Ù©Ù¼ê� F (z) ,T ���Nþ, ¿�b

� rtÑlþ��~þ��ÅÅÄ©Ù,K�±ïáXe�GARCH-t�.


























rt = µ + εt

εt = h
1/2
t ξt, ξt ∼ tν(ξt)

ht = α0 +
p
∑

i=1

αiε
2
t−i +

q
∑

j=1

βjht−j

(6)

ÂÃÇ�©Ù�

F (z) = P(rt 6 z) = Pr

(

ξt 6
z − µ

h
1/2
t

)

(7)

?
�í�Ñ rt��Ý¼ê f(rt)Xª (8)¤«,Ù¥Γ(·)�³ê¼ê.

f(rt) =

Γ

(

ν + 1

2

)

√
νπ Γ

(ν

2

) · 1

h
1/2
t

(

1 +
(rt − µ)2

νht

)
ν+1
2

(8)

3.2 (((½½½éééÜÜÜ©©©ÙÙÙ

Copula�{Ø=�±k�/£ã�ÅCþ�m��'§Ý, ¿�U
�N§��m��'�ª,

£ã§��éÜ©Ù¼ê. T�{�2�A^u7K½|��'5©Û!]�½dÚºx+n�

�¡ [6] . �~^�Copulaëê�O�{´üÚ4�q,�O{. b���êâ�>�©Ù¼ê©O

�F1(x1, φ1), . . . , FN (xN , φN ),|^4�q,�O�n,��>�©Ù¼ê�ëê�O��

φ̂i = arg max
φi∈R

T
∑

t=1

ln fi(xi,t, φi), i = 1, 2, . . . , N
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òëê φ̂1, φ̂2, . . . , φ̂N�\>�©Ù¼ê¿Ú\� Copula¼ê¥,Ò�±�OÑCopula¼ê�ëê

θ̂ = arg max
θ∈R

T
∑

t=1

ln c(F1(x1,t; φ̂1), . . . , FN (xN,t; φ̂N); θ) (9)

Embrechts[6] éØÓ�Copula�.?1
'�, uyæ^ØÓ/ªCopula¼ê�U��ØÓ�(J.

Kolmogorov-Smirnov (K - S)u��«
nØ©Ù�²�©Ù�m� l§Ý, �©æ^Tu��{?1©

Û,±ÀJ�Ð/£ãÙ�Üºx�ª� Copula¼ê.

�âCopulanØ,XJC(u, v) ´��Copula¼ê,Ù¥u = F (x), v = G(y), F (x) ÚG(y)©OL

«�ÅCþ x, y �©Ù¼ê. @oY | X = x�^�©Ù�

H(Y 6 y | X = x) =
∂C(F (x), G(y))

∂F (x)
= C1(F (x), G(y)) (10)

§´ (0, 1)þ�þ!©Ù.

Äu±þ5�, �±réCopula¼ê�[Ü`Ýu�=z�u�Copula¼ê��� �ê´ÄÑ

l (0, 1)þ�þ!©Ù,ù�Ò4¦^K-Su�5µd�½�Copula¼êé��êâ�[Ü§Ý¤��U.

K-Su��ÚOu�þê���,`² l§Ý�$,[Ü�J�Ð.

4 <<<¬¬¬111			®®®ûûû)))¬¬¬½½½|||���¢¢¢yyyïïïÄÄÄ

�7<¬1®Çû)¬�´, ¸S	8c�3n�Ì��´½|Úõ«®Çû)¬. ¸S½|�¥I

	®�´¥%�<¬1	®�Ï�´½|; ¸	½|�)����Ï( NDF )�´½|!Ú<¬1�ÏÏ

��´½|. �©©Û¤æ^�êâ´¸S�<¬1®Ç=Ï!�Ï±9¸	(�lÚ#\·) NDF�ê

â. Ù¥=Ï!�Ïêâ±9 NDFêâ5
uBloombergêâ¥%. Ï��Ï±9NDFÜ�k 1��!3�

�!6��±9 1cÏ��/ª,�©=± 1���Ü�êâ��Ì��©Ûé�, éÙ¦Ï�Ü��©Û

�{aq. ��êâÏm� 2c,l2006 – 07 – 03�2008 – 06 – 30,�487�êâ. �
;�ê�L�E¤�

°Ý��,òÂÃÇ½Â� ri = 100 ln(Pi/Pi−1) ,¿±ui, vi, wi ©OL«=Ï,�ÏÚNDF½|êâ. �©

¤kO�(JþÏL¦^m
�R^���.

�!ÏLêâ¢yïÄ©Û±eü�¯K. �´òc©0��©Ù�OÚéÜ©Ù[Ü�{A^

uLPM�.ïÄ,O�ØÓû)¬½|þ��`@Ï��'Ç; �´'�Äu LPM�����ü«�{

�@Ï��'Ç3�ÏÚ NDF½|þ�1�.

4.1 ÂÂÂÃÃÃÇÇÇ©©©ÙÙÙ[[[ÜÜÜÚÚÚ@@@ÏÏÏ������'''ÇÇÇ`̀̀zzz

3�õê�¹e, GARCH(1,1)�±�Ð/£ã7K�mS��ÅÄA�, e¡¦^GARCH(1,1) - t�

.é��êâ?1©Û.lL1�±w�n�½| t©Ù�gdÝþ�u 10,L²n�½|ÂÃS�Ñäk

k¸þ��A5.

L 1 GARCH(1,1)-t�.£8�Xê(J

Table 1 The coefficients regressed by using the GARCH(1,1)-tmodel

½| µ α0 α1 β1 ν

=Ï -0.026 4**, (0.004 6) 0.000 1, (0.000 1) 0.023 5, (0.013 0) 0.967 6**, (0.020 8) 9.875 3*, (3.968 1)

�Ï -0.020 5**,( 0.004 7) 0.000 4, (0.000 3) 0.080 3*, (0.029) 0.906 6**, (0.033 0) 4.577 3**, (1.153 1)

NDF -0.023 3**, (0.004 1) 0.000 2, (0.000 1) 0.040 8*, (0.019 8) 0.949 0**, (0.023 4) 5.700 9**,(1.745 1)

5µ*L«3 5%��&Y²e¡wÍ, **L«3 1%��&Y²ewÍ.

Copula¼ê�«aéõ, �©ÀJäk�L5� 4�üëê�Copula¼ê?1©Û, äN�¼êL�

ªÚëê���L 2¤«.²Lêâ�O, ��Copula¼ê�ëê�O(J�L 3.lL 3��,�O���

Xêþ3#N���S. ¿��â�aCopula¼êëê�5�, =Ï−�Ï½|ÂÃÇ!=Ï−NDFÂÃ
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ÇÑ�3X��''X, ù`²=ÏÂÃÇ�þ,¬Úå�Ï� NDFÂÃÇ�þ,,=ÏÂÃÇ�eü�

¬���Ï�NDFÂÃÇ�ü$.

r�O����Copula¼ê�ëê�,±9=Ï−�ÏÚ=Ï−NDF½|êâé (ui, vi), (ui, wi), i =

1, 2, . . . , T �\�ACopula¼ê�^�©Ù¼ê¥, �±©O��=Ï−�ÏÚ=Ï−NDF½|�

�Copula�K - Su�þ±9VÇ�P .

L 2 Copula¼ê/ª9Ùëê��

Table 2 The Copula functions and parameters

Copulaa. C(u, v) ëê��

Clayton (u−α + vα − 1)−
1
α α ∈ (0,∞)

Gumbel exp
(

−((− ln u)
1
α + (− ln v)

1
α )α

)

α(0, 1]

Frank −
1

α
log

(

1 −
(1 − e−au)(1 − e−av)

1 − e−a

)

a 6= 0

Other
uv

1 − α(1 − u)(1 − v)
α ∈ (−1, 1)

L 3 Copula¼ê�αëê�O�

Table 3 Estimations of the parameterα

½|a. Clayton Gumbel Frank Other

�Ï 0.875 06 0.35 4.006 31 0.85

NDF 0.978 71 0.30 4.586 08 0.75

e¡±C1(F (x), G(y)) =
∂C(F (x), G(y))

∂G(y)
�~�K-Su�,äN(JXL 4¤«.

L 4 �ÏÚNDF½|��Copula¼ê�K-Su�(J

Table 4 The results of K-S testing in the forward and the NDF markets

Copulaa. Clayton Gumbel Frank Ù§

�Ï K - Su�þ 0.048 1 0.143 5 0.032 2 0.052 0

½| VÇ�P 0.210 0 0.000 0 0.692 6 0.142 9

NDF K-Su�þ 0.041 3 0.151 9 0.029 8 0.050 5

½| VÇ�P 0.376 6 0.000 0 0.781 2 0.167 0

dL4(J��, ÃØ´=Ï–�Ï½|, �´=Ï– NDF½|, Frank Copula¼êþ�Ð�[Ü
ÂÃ

êâ�Copula¼ê. ù`²Frank Copula¼êU
é=Ï�ÏÚ=ÏNDFÂÃS���'�ª���Ð

��x.Ïd,�©3�`@Ï'ÇO�¥,ÀJ¦^Frank Copula¼ê.

Ó�,3Ø���5��¹e, À�8I�ÅÇ���m=Ï®Ç�Ï"�(²þ�), e å�g� 2.

òcã�Cþ�\ª(5),^ÚO^�RO����`�@Ï'Ç±9T@Ï'Çe LPM�.lL 51�1

O�(Juy,¦^ LPM�.é<¬1=ÏÞ�?1@Ï��,3NDF½|?1@Ï���'Ç�'�Ï

½|��,
�3NDF½|¡�$u8IÂÃÇ�ºx�'�Ï½|���. XJr��zºx��8I,

r@Ï'Ç��Ãã,�±��Xe�ÏJéX: 3Ó�8IÂÃÇ�cJe,�
¦¡��ºx��,�

±3NDF½|æ^�kå�Ãã,=�E���@Ï��Þ�,l
«ú���Ï½|���ºx.

L 5 ��Ïm�ÏÚNDF½|@Ï'Ç91�'�

Table 5 The optimal hedge ratios and performance indices in the forward and the NDF markets

½|a. �Ï NDF

O��I h∗ LPM(h∗) R/SV h∗ LPM(h∗) R/SV

LPM 0.387 79 0.004 78 −12.749 61 0.565 39 0.004 05 −13.597 08

���� 0.308 55 −12.991 95 0.479 44 −14.029 53

4.2 @@@ÏÏÏ������111���©©©ÛÛÛ

e¡ò'� LPM�.������.@Ï1�`�. æ^Nawrocki� [8] ½Â�ÂÃ�CÄ'

ÇR/SV�I,T�Iïþ
zü ��ºx¤U¼�����Å.

R/SV = (E(Rp) − Rf)/( LPM (θ, n, h,Rp)) (11)
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T��I��,�L@Ï���1�Ly�Ð.(½Ãºx|Ç� 4.14% ,ù´ 2007 – 2008c¥I]��²

þ�Ñ|Ç.�©�Ñ
²;�����@Ï���O�L§, ��Ïmü«�.� R/SV�I�XL 5¥

¤«.

*	L5,uyÃØ´�Ï½|�´NDF½|,3��ÏmS±LPM�ºxOþ�.O��R/SV�I

Ñ'±���.O����. ù`²3 LPM�.e,zü ºx¤����Å�é�p, l,	���¡

`,3���Ó��Åe,±LPM�.O�Ñ5�@Ï'Ç¤¡��ºx�'±�����{O�Ñ5�

$.Ïd,�N
± LPM�.3@Ï��ö�¥�`�5.

5 (((ååå���

�©|^ LPM (e å)�.��<¬1	®@Ï���ºxÿÝ�{, ïÄ	®@Ï����`'Ç.

ÏLéÂÃS�êâ?1u�Ú�[, $^GARCH�.éÑÙ>�©Ù,¿ÏLCopula�{��éÜ©Ù

G¹,l
)û
 LPM�.¥ÏéÜ©Ù¼êØ(½
E¤�O�ÚïÄ(J. �©�ÏLR/SV�I'

�
LPM �.�DÚ�����.O��`@Ï'Ç�`�. ¢y©Ûuy,=Ï–�ÏÚ=Ï– NDF�

ÂÃÇ©ÙÑk'�²w��Üºx; Frank Copula¼êU
é=Ï–�ÏÚ=Ï– NDFÂÃS���''

X?1�Ð��x. 3��Ïm, ¦^ LPM�ºxÝþÄ:�éuDÚ����Ýþäk²w�`�5.

�YïÄ�l±e�¡Ðm. Äk,�±?�Ú�Ä<¬1�Ùû)¬½|�'(��Cz�¹,¦^Ä�

�Copula�.(XCëê�Copula�.)é§���'5?1©Û. Ùg,�±rüÏ@Ï��*Ð�ªÏ

��ïÄ.
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